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Abstract

The world is full of systems of distributed agents, collaborating and competing in com-
plex ways: firms and workers specialise within economies, neurons adapt their tuning across
brain circuits, and species compete and coexist within ecosystems. In order to understand
the principles governing their dynamics, individual research fields build theories and theo-
retical models that capture their internal dynamics, explaining how comparative advantage
drives trade specialisation, how balanced neural representations emerge from sensory cod-
ing, or how biodiversity sustains ecological productivity. Here we propose that many of the
well understood findings across fields can be captured in one simple joint cross-disciplinary
model, which we call the Distributed Production System. It captures how agent hetero-
geneity, resource constraints, communication topology, and task structure jointly determine
the productivity, efficiency, and robustness of distributed systems across biology, economics,
neuroscience, and computing. This cross-disciplinary model reveals that a small set of un-
derlying laws generate the complex dynamics we observe across the distributed production
systems of biology, economics, and computing. These can be summarised in our Principle
of Maximum Heterogeneity : any distributed production system optimising for performance
will converge on an increasingly heterogeneous configuration; environmental demands place
an upper bound on the degree of heterogeneity required; and the communication topology of
the system determines the spatial scale over which heterogeneity spreads, with this principle
applying recursively across all layers of nested production systems.

These principles show how any distributed system optimises its production and efficiency,
and hence can not only be used to explain already existing systems through a simple joint
mechanism, but can also act as a blueprint for how ideal distributed systems ought to be
constructed. To demonstrate this, we here use the discovered principles to suggest specific
ideal redesigns for compute systems used to execute large scale AI systems. The Principle of
Maximum Heterogeneity shows a unique convergence of complex phenomena observed across
fields onto a simple set of underlying design principles with important predictive value for
the ideal design of future distributed production systems.
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1 Introduction

The world around us is full of systems, consisting of vast numbers of interacting agents. As
individuals collaborate and compete, their unique behaviours jointly integrate into the systems
overall characteristics. In ecology individuals of different species aggregate to inter-species com-
petition. In neuroscience individual cells adapt their tuning to sensory stimuli to jointly show
balanced responses to perceived stimuli. In economics, workers and countries specialise to have
advantageous positions in trade relationships. In all of these cases well crafted theoretical mod-
els have been successful in deciphering the underlying principles that generate the stunningly
complex systems level behaviour.

The most impactful theoretical work does not only reveal principles behind the complex
systems level behaviour of individual subject areas, but shows how the same principles are
replicated across many disciplines. A prominent example for the case of complex interaction
in large distributed systems likely is Game Theory [1, 2]. Game Theory has been impactful
not only modelling microeconomic behaviours [3] but also have generalised well to biology [4],
ecology [5], and neuroscience [6]. Other examples of theories with cross disciplinary impact are
Information Theory [7], the x

3
4 scaling law [8], and most recently peak selection with continuous

attractor dynamics [9].

All of the above examples have revealed important principles of how systems of distributed
agents interact, however they also not yet capture key properties that have been observed as
important across recent work. Critical examples are (1) to capture the characteristics and
skills of individual actors to allow those to impact how agents interact [10, 11, 12, 13], (2)
to capture the resource constrains [14, 15, 16, 17], (3) the topology of communication and
interaction [14, 18, 19, 20], and (4) how joint and individual production and task goals influence
the interaction of (1), (2), and (3) [14, 21, 22, 23].

Here we built a new theoretical model to study the general principles underlying the dy-
namics of distributed systems, taking into account the four additional forces discussed above,
while also lending core mechanisms from the already established theoretical frameworks. We
call the new integrated, but still tractable, model The Distributed Production System. Exten-
sive experiments on the model show that it captures a vast set of findings across distributed
production systems observed in economic, biological, neural, and computing systems, validating
it as a cross-discipline model of distributed production systems. We then study which laws un-
derlie the model’s behaviour and find a striking tendency towards heterogeneity as the optimal
system’s level solution in terms of productivity, efficiency, and robustness. We characterise this
drive towards heterogeneity and its dependency with the system’s workload and topology in the
Maximum Heterogeneity Principle.

The Maximum Heterogeneity Principle represents not only a new unifying mechanism for
how large systems of distributed agents can jointly optimise their production but also promises to
act as a coherent design blueprint for how to construct new optimal large distributed production
systems. We apply the discovered principle to the case of large-scale computing systems in the
context of AI systems to outline how current systems follow a suboptimal scaling paradigm and
how they could be built differently in order to achieve more efficient and scalable infrastructure.

Note on working paper status: We are releasing the following work to the research
community to start a discussion with researchers from across the disciplines that our work
links to in order to further improve the work. We are still working on further analyses to
widen the scope of the paper. Please reach out to jascha@callosum.com with any feedback
and thoughts.
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2 Our model: The Distributed Production System

On a high level we want to use a model to capture how distributed agents with individual
characteristics optimally act and interact to optimise for their own or their joint progress towards
a goal. As we want to use this model to identify which universal principles drive systems-level
behaviour across scientific disciplines, the formulation of the model relies on simple and gener-
alisable description of all components. In the following we will first give the reader an intuitive
overview over the model (section 2.1). Then we will describe in more mathematical detail how
we characterise agents (section 2.2), their interaction (section 2.3), how they individually and
jointly produce outputs, how they adapt their outputs to demands of the environment and ad-
ditional constrains, and lastly which measures we use the study the behaviour of our model
system.

2.1 Intuitive summary of the model

The model represents a distributed production system as a set of agents, each carrying an
individual skill function that describes how much of each type of operation the agent can perform
(Figure 1, lower half). Agents are connected via an interaction network Q(1), which governs how
they communicate and collaborate. The joint production function of the system emerges from
this combination: as shown in Figure 1, the individual skill densities of agents connected via
the collaboration network integrate into a collective output, W(1), whose shape reflects both the
individual agents’ skills and how they are linked.

Whether this collective output is sufficient depends on the demand placed on the system. As
illustrated in Figure 1 (upper right panel), the same production function can be well-suited to
one demand and poorly-suited to another. The model formalises this as a coverage problem: a
demand is met when the joint production function covers it across the full space of operations.
For any given demand shape, we can recover the optimal configuration of agent skills and network
connections via gradient descent and then study the properties of that solution. Many of the
experiments in following section focus on studying under which conditions empirically observed
system level architecture develop (section 3) or what optimal systems level architecture look
like (section 4). While this intuitive description focuses on a one-layer setup with a demand
at the top, captured by the production of a set of agents, our model extends naturally to
hierarchical systems, where multiple layers of interdependent agents sit below the demand, each
layer producing the one above it, with resource constraints acting as additional production
requirements at the bottom of the hierarchy. The remainder of the methods section formalises
both the single-layer and multi-layer cases in detail.
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Figure 1: Intuitive visualisation of the distributed production system model in which each
agent contributes an individual skill density and connected agents jointly produce an output
that can match or fail to match a given demand. The lower half of the figure shows three agents
(w1, w2, w3), each characterised by an individual skill density concentrated around a specialism. The
interaction network Q(1) encodes which agents communicate. Together, skill densities and network
structure determine the joint production function shown in the upper half, computed as W(1) = (Q(1) +

I)w(1) · 1⃗. The right panel illustrates that the same production function can be well-suited to one demand
shape (Demand A) and poorly-suited to another (Demand B), motivating the optimisation problem at
the core of the model.

2.2 Parametrisation of agents

As discussed in (1) in the introduction, we want agents to have individual characteristics
that can influence their interaction. Inspired by prior economic models [10], we characterise each
agent through a density of their skills and abilities. We represent them as wrapped Gaussian
densities over the space of skills that is modelled by a one-dimensional torus Tskills. This means
that agents de facto have a core talent, the mean of that density distribution, and can spread out
their skills to individual degrees around that mean. More complex talent shapes of talents can be
considered but we opt for this simple shape of skills to allow for more detailed analyses of resulting
model setups (2.9). Note that we more specifically discuss why this is a good representation for
most agent classes, even if they are universal function approximators in section B.4. Following
this, an agent i, could be represented by the mean µi and standard deviation σi of its skills
distribution si,

si(µi, σi) : θ ∈ Tskills =
1

σi
√
2π

∑
k∈Z

exp

(
−(θ − µi + 2kπ)

2σ2
i

)
.

The talent / production of one agent corresponds to the integral of its skills function over the
entire space of skills.

2.3 Parametrisation of agents’ pairwise interactions

The production system is a distributed system that achieves production via distributing the
task across the agents that jointly interact to meet a given demand. In most distributed systems,
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the interaction between all agents is not uniform. (2) in the introduction references how the
topology of networks in which agents lie creates varying levels of interaction between agents. To
capture these interactions, we connect the agents with a network structure, which takes the form
of a graph where the vertices are the agents and the edges represent the interactions. The graph
structure is contained in its adjacency matrix that we denote as Q. For simplicity, we assume
that the graph is undirected, i.e. Q is a symmetric matrix. Integrating this structure with the
agents definition and we get a representation of a simple production system that focuses on the
effects of different skill sets linked together via network interaction. For N -agents the formalism
is:

((µi, σi)1≤i≤N , Q)
not.
= ((µ, σ), Q),

with µi ∈ T, σi ∈ R∗
+ and Q ∈ RN×N . We introduce the set C which contains all the maximally

(in term of size) connected components of the graph. Every element c ∈ C correspond to the set
of all agents connected in this component component. We note (µc, σc) the vector containing all
the agents’ means and standard deviations within c. Agents can only interact with agents within
their connected component. We note that the network structure implies the agents are unique.
One should think of the agents as associated to an identifier, and together they form a network.
We have modelled the interactions as a network, and so, alongside the agents parametrisation,
we have now created a distributed system through a network of agents.

2.4 Agents’ individual and joint production output

With the distributed system formalism, the production is represented as a function of both
the skills of agents and their pairwise interactions. To keep the model simple, we characterise
outputs of the function in an operation space Tops that is similar to the skills space. To be
mathematically precise, similar means here equality in terms of set, but not necessarily on the
the nature of the points forming the set (this is expanded on in section B.3). Formally we have
the following mapping,

Tskills
id−−−−−→ Tops.

Where no ambiguity arises, we write Tskills = Tops
not.
= T.

Before defining the joint production function of the distributed system, we introduce the
individual production function. The individual production of a single agent i corresponds to the
output of an isolated production system with a single agent i considered in an isolated system.
This output corresponds to the agent skills density mapped onto the operation space, namely:

si ∈ F (Tskills)
id−−−−−→ wi ∈ F (Tops) ,

where F (Tskills), and F (Tops) are respectively the set of real functions on the operations space
and on the skills space. With the mapping in mind, the reader can intuitively think of,

wi = si ∈ F (T) .

The individual production of an agent is therefore a workload density over the operations space.

The joint production function of the distributed system is based on this mechanism but
also takes into account the network structure. Let S := S((µ, σ), Q) be a distributed system
composed of N ∈ N agents, s = (s1, . . . , sN )T be the vector of all individual agents’ skill
densities, and w = (w1, . . . , wN )T be the vector of all individual agents’ production densities.
The production function of S in its simplest form is:

W (s,Q) = 1T (I +Q)w,

7
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where I is the identity matrix and 1 the N−dimensional vector containing only ones. For
example, a ‘no collaboration’ distributed system (i.e. Q = 0) has a production function equal
to the sum of the individual agents production functions,

W (s, 0) = 1Tw =
∑

1≤i≤N

wi.

This was the simplest form of joint production function.

Example 2.1. We give some examples of simple production outputs:

• Uniform interactions with unit intensity. Consider the case in which all agents
interact symmetrically and with equal intensity, so that

Q = 1N×N − I,

where 1N×N denotes the N×N matrix of ones and I is the identity matrix. In this setting,
the aggregate production function becomes

W (s,Q) = N

N∑
i=1

wi.

Hence, total production equals N times the aggregate stand-alone production. The inter-
action structure generates an additional contribution of

(N − 1)
N∑
i=1

wi,

which reflects the fully connected nature of the interaction network.

• Uniform interactions with intensity λ. Suppose now that interactions remain sym-
metric but occur with uniform intensity λ ∈ R, so that

Q = λ(1N×N − I).

The production function can then be written as

W (s,Q) =

N∑
i=1

wi + λ
∑
j ̸=i

wj

 .

In this case, each agent’s production receives a homogeneous “mean-field” contribution
proportional to the aggregate production of all other agents. The parameter λ measures
the strength (and possibly the sign) of the spillover effects.

• Non-uniform interaction structure. In the general case of non-uniform interactions,
where Q = (Qij) is an arbitrary interaction matrix with zero diagonal, total production is
given by

W (s,Q) =
N∑
i=1

wi +
∑
j ̸=i

Qijwj

 .

Thus, each agent’s production is augmented by a weighted sum of the outputs of the other
agents, with weights determined by the interaction matrix Q. This specification allows for
asymmetric collaboration patterns.

8



The Principle of Maximum Heterogeneity Optimises Productivity in Distributed Production Systems

• Connected components effect. Let denotes C = {C1, . . . Ck} the set of all connected
components in the graph. Up to reindexing of the vertices, the interaction matrix Q is
block-diagonal:

Q =


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · Qk

 .

Consequently, the production function disaggregates:

W (s,Q) = 1T (I +Q)w

=
(
1T
|C1|| . . . |1

T
|Ck|

)

I|C1| 0 · · · 0

0 I|C2| · · · 0
...

...
. . .

...
0 0 · · · I|Ck|

+


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · Qk




wc1

wc2
...

wck


=

k∑
i=1

1T
|Ci|(I|Ci| +Qi)wci .

Conclusion the production function is the sum of the producition functions of the maximal
intecarting componnents,

W (s,Q) =

k∑
i=1

W (sci , Qi).

Throughout the text, a variety of production functions will be studied, depending on the
context and parameters influence we want to understand. What is important to remember is
that a production function of a distributed system maps the individual skills distributions onto a
positive function over the operations space with or without the influence of the network structure
Q.

2.5 Workloads and demands for produced outputs

One specific goal of our model setup is to allow for complex demand functions to influence
the interaction of agents and their production, as discussed in the introduction with (4). In
the context of economic scenarios, the demand may be the actual global demand for goods
or services, but in disciplines like neuroscience or computer science it may also represent the
environmental task or computational task faced by humans or machines which naturally are an
important component for driving the optimal systems level setup. We represent it as a positive
function over the operations space,

W0 ∈ F(Tops).

Note that we use demand, workload and task synonymously moving forward. In some cases,
which correspond to modelling choices, the task is simply the maximisation of one quantity.
Such as plants that aim at maximising their biomass, or a large scale economic systems that
aim to maximising the GDP. In such cases, the task is the function that equals infinity. Such
a technical detail is only mentioned to say that using functions for tasks meets a wide range of
criteria. Generally, when there is no real function that models the task, it means that the goal
of the system of agents is to maximise production. Depending on the specific experiment, when
we will talk about a task it can refer to maximisation or positive function realisation.
Remark 2.2. Note that the task lies over the same space as the agents’ outputs. This is by
design as we want to be able to have a criterion of: a function is realised, a task is solved, a
demand is met, the workload is run, and how "far" we are to completed it.
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Consequently the task can take any shape, wrapped Gaussians, wrapped mixture of Gaus-
sians, uniform, positive scaling of these shapes even non-continuous positive functions, and Delta
Dirac type functions are tasks but they constitute more of an edge case to represent a realistic
workload (section B.2 discussing the case of Delta Dirac case in more detail). However because
we would like to perform a wide range of mathematical operations we restrain ourselves to the
class of C1 (i.e. continuously differentiable) functions on the torus.

Naturally, the demand present in the environment influences the ideal design choices of the
production system to produce this demand. The variables that make up the ideal architecture
design include the number of agents, given amount of resources, each of their skill densities si
and their joint interaction Q. The following subsection formalises the framework we chose to
understand how the demand influences the ideal production system.

2.6 Ideal design of production system: optimisation framework

We now need a strategy that enables us to find the ideal design of production system given
the demand function. Because there is an objective, namely to finding an ideal production
system for a given task, optimisation (under constraints) is a natural tool. The parameters fixed
here are:

• The task, W0 ∈ C1(T).

• The number of agents N .

• The network structure Q and its connected components set C.

• Constraints C.

Given these parameters and the context, a form of production function is set and we denote it
as W1. The loss we chose can be thought of as the minimum amount of energy needed (or the
minimum amount of financial resource, or time, or more general the resource that enables to
produce) for the given production system and for the individual agents production functions s
to perform the task:

L(s) :=
∑
c∈C

∥∥∥∥W0 −W1(sc)

W1(sc)
1{W0−W1(sc)}

∥∥∥∥
p

,

where ∥·∥p denotes the p-norm on the torus. The indicator function 1W0>W1(sc) ensures we
only penalise the system for operations it fails to cover, as overshooting part of the demand is
acceptable while undershooting is not. The dsummation over the connected components implies
that non interacting agents cannot jointly optimise: they have no knowledge about the skills of
the agents in other connected components and thus cannot take it into account to solve the task.
For simplicity, we have removed the mention of Q in the production function as it is a parameter
and not a variable. Since s is uniquely defined by all the means µ and standard deviations of
the agents σ, the loss can be written as such:

L(µc, σc) :=
∑
c∈C

∥∥∥∥W0 −W1(µc, σc)

W1(µc, σc)
1{W0>W1(µc,σc)}

∥∥∥∥
p

.

Consequently, the framework is a parametric constrained optimisation problem:

µ∗, σ∗ ∈ Arginfµ,σL(µ, σ) such that C.

We impose the production function to be C1 with respect to µ, σ and θ, strictly positive with
respect to θ. We further impose that every standard deviation σi is above a strictly positive con-
stant. Under these physically realistic assumptions, the loss is well-defined, fully differentiable,
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and amenable to standard gradient descent, allowing us to efficiently solve for the optimal agent
composition µ∗, σ∗ across a wide range of configurations: different workload shapes, different
numbers of agents, different numbers of layers, and different resource constraints. Our decision to
opt for gradient based optimization instead of local optimisation or analytically solvable systems
is explained in section B.1. In short, opting for a fully analytically tractable system would have
significantly limited the model design space. In contrast, local optimisation processes generally
have worse convergence grantees, making the system harder to study across parametrisations,
however, as discussed in Section B.1, global gradient optimisation can often behave similarly to
the aggregate of local optimisation processes.

If the system of agents is not faced with any specific demand, then the optimisation simply
becomes,

sup
µ,σ

∑
c∈C
∥W1(µc, σc)∥1 ,

and the loss can be defined as follows:

L(µ, σ) = −
∑
c∈C
∥W1(µc, σc)∥1 .

The 1-norm
∑

c∈C ∥W1(µc, σc)∥1 is selected as it corresponds to the amount of production. In
this case, the loss is C1 and consequently amenable to gradient descent to.

2.7 Second order constrains on agents’ production

As a final addition to our model, we also want to be able to capture how the production
of agents is limited and enabled by resources present in the environment, as mentioned under
(2) in the introduction. Our model captures this in two different ways, once implicitly and
once explicitly. The explicit resource comes in the shape of an underlying ’resource’ level that
can modify the skills function and hence production of agents to varying degrees. As before,
we describe the available resources as distributions in the same numerical space as the skills
densities of agents T, and, if present, they influence the systems by providing the resource to
output skills function of the layer and constrain it in form of an additional cost in the loss
proportional to the distance of agents’ skills to the lower level resources. We only use this layer
for a couple of specific experiments, where it can highlight how agents can only produce outputs
according to their skills if the underlying tools / hardware are available.

2.8 Full formulation of the model

We now consolidate all previously introduced components into a unified framework. The
model describes a distributed production system whose purpose is to meet a given demand
workload, by optimally composing agents with heterogeneous skills connected through a network
structure.

Spaces. The model is built on a common one-dimensional torus T, which simultaneously plays
three distinct roles depending on the layer it represents:

Tres
id−−−−−→ Tskills

id−−−−−→ Tops,

where Tres is the resource space, Tskills is the agents’ skills space, and Tops is the operations
space in which both production outputs and workloads are expressed. Since these three spaces
are identical as sets, we write Tres = Tskills = Tops

not.
= T whenever there is no ambiguity. This
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recursive identification encodes the self-similar, hierarchical nature of the model, in which the
output of one layer becomes the input of the next. Throughout this paper, we treat the mappings
between spaces as the identify function, however section B.3 discusses how this is not a necessary
assumption of our model.

Workload. The demand is represented as a positive, continuously differentiable function over
the operations space,

W0 ∈ C1(T).

Each point θ ∈ T denotes a particular operation, and W0(θ) quantifies how much of that opera-
tion is required. The task is considered completed as soon as the system’s aggregate production
covers the demand everywhere, i.e. W1 ≥W0.

Agents and production system. The production system is composed of interacting agents.
Each agent i has a skill density modelled as a wrapped Gaussian density over T with mean
µi ∈ T encoding the agent’s area of specialisation and standard deviation σi ∈ R∗

+ encoding the
breadth of its skills. An agent’s individual production density is the direct mapping of its skills
density onto the operations space. Interactions are realised through a network with a topology
that is encoded in an adjacency matrix Q ∈ RN×N . Collecting all skills densities in the vector
s = (s1, . . . , sN )⊤, the aggregate production of the distributed system is denoted W1(s,Q).

Optimisation. Given the task W0, the number of agents N , the network Q, and any additional
constraints C (e.g. resource availability, efficiency, or robustness requirements), the optimal
production system composition (µ∗, σ∗) is found by minimising the loss

L(µ, σ) :=
∑
c∈C

∥∥∥∥W0 −W1(µc, σc)

W1(µc, σc)
1{W0>W1(µc,σc)}

∥∥∥∥
∞
,

which penalises only the operations for which the system undershoots the demand. The optimi-
sation problem reads

µ∗, σ∗ ∈ arg inf
µ, σ

L(µ, σ) subject to C.

Under the assumptions that W1 is C1 in (µ, σ, θ), strictly positive in θ, and that all σi are
bounded away from zero, the loss is well-defined and fully differentiable, making gradient-based
optimisation directly applicable. When no specific demand is prescribed, the objective reduces
to maximising total production

∑
c∈C ∥W1(µc, σc)∥1, recovered as the special case,

L(µ, σ) = −
∑
c∈C
∥W1(µc, σc)∥1.

In summary, the model couples a demand W0, a set of N specialised agents ((µ, σ), Q) forming
a distributed production system, and a hierarchical torus structure Tres → Tskills → Tops = T
into a single, gradient-optimisable framework for studying how the composition and interaction
of agents drive optimal, scalable production.

2.9 Measures to study the model

To systematically study the optimal solution that our model converges on for a specific
discipline specific experiment (section 3) or when studying the general behaviour of the model
to extract its principles (section 4), we need metrics that can characterise the current state of
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all agents, and their joint solution in context of a specific demand or workload. To achieve
this, we derive a new metric to describe the system’s level heterogeneity and use it alongside
established measures to capture agents’ degree of specialisation, the overall efficiency of the
system, and overall amount of production. These are introduced in the following, ordered by
level of analysis, from single agents to whole system.

2.9.1 Specialisation

The first metric we consider is specialisation or equivalently level of specialisation, which
is a property that is measured on the level of individual agents. For an agent’s skills density
si, it corresponds to how concentrated the distribution is around its peak — a specialist has
a tall and narrow density, whereas a generalist has a flat and broad one, with the same unit
area distributed over a wider range of skills. It describes whether a given agent specialises in a
specific part of the space of skills / abilities. Because (µi, σi) and σi are sufficient statistics of
the agents skill density, we can uniquely define, the specialisation of an agent to be the inverse
of its standard deviation:

ς(si) = ς(µi, σi) =
1

σi
.

The individual agents’ specilisations can be averaged across the population of agents to measure
the level of specialisation of the production system with vectors of skills densities s:

ς(s) = ς(µ, σ) =
1

N

∑
1≤i≤N

1

σi
.

Because of the equivalence between skills space and operations space, the specialisation is also
measured equivalently in terms of production. For one single agent, with production density
w = s, its productivity specialisation is

ς(wi) = ς(µi, σi) =
1

σi
.

2.9.2 Heterogeneity

The system’s level heterogeneity is a characteristic which has started to receive attention
through accumulating empirical findings [13], and it inherently is a measure for the diversity of
characteristics in a group of agents. So in our case it would take into account the entire set of
agents [notation, something like H = f(all agent)]. However there is no fully defined measure of
heterogeneity yet. We hence derive a new comprehensive measure of heterogeneity, expanding
prior relevant work [24]. Here we give a short overview of the metric and the full derivation of
the metric is in appendix section A.

We define heterogeneity at the level of the full system, as a function of all agents H =
H(s1, . . . , sN ). The metric is constructed from the pairwise similarities between agents’ skill
densities, collected in a similarity matrix Z ∈ [0, 1]N×N , where Zij decreases as agents i and j
grow more dissimilar. Building on Hill numbers [25], we define the q-th heterogeneity measure
Hq(S) of the system as a function of Z and the distribution of agents p. Throughout the paper
we use the 2-heterogeneity H2(S), which in the current formulation takes values in [13 , 2], where
lower values indicate a more homogeneous system and higher values a more heterogeneous one.
In a future version of the metric we intend to remap this range to [0, 1] for easier interpretation.
The full derivation and properties of the metric are given in section A.
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2.9.3 Systems-level productivity

The system-level productivity P(s,Q) results from the interaction of all agents and is hence
a function of all agents’ parametrisation and their pairwise interactions. It is defined as the total
area under the joint production function, i.e. the integral of W1 over the operations space:

P(s,Q) = ∥W1(s,Q)∥1 =
∫
T
W1(s,Q)(θ) dθ.

2.9.4 Systems-level efficacy and efficiency

Systems-level efficacy and efficiency both expand on productivity by taking the demand W0

into account. Efficacy E captures how much of the demand is covered by the system’s production,
defined as the fraction of total production that falls within the demand:

E(s,Q) =

∫
Tmin(W1(θ),W0(θ)) dθ∫

TW0(θ) dθ
.

Efficiency F additionally penalises excess production and scales by the resources used, capturing
how well the system meets the demand relative to what it expends:

F(s,Q) =
1

1 + L(µ, σ)
· 1
N

,

where L is the loss defined in section 2.6 and N the number of agents as a proxy for resources
used. Efficacy thus measures coverage of the demand, while efficiency measures how economically
that coverage is achieved.
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3 Our model captures distributed production systems across bi-
ology, economics, and computing

allWe believe that the simple model system described in section 2.9.4 captures the core
functioning of the distributed production systems we observe across biology, neuroscience, eco-
nomics, finance, and computing. If true, we could then use the model to derive which core
principles drive the productivity of distributed systems across fields. Before we start vali-
dating our model on established findings, we ought to define what exactly we mean
with distributed production systems. A distributed production system is any system in
which agents jointly, through both their collaboration and competition, produce an output. For
example, all plants of an ecosystem jointly produce biomass as a joint output through a com-
plex network of collaborative and competitive relationships. In the same way, neurons jointly
produce appropriate muscle responses or cognition, and countries’ production and trade creates
a global GDP. Another way of characterising distributed production systems is that they are
systems where the agents within them engage in a non-zero sum game, so that there is no ‘the
winner takes it all’-dynamic and that appropriate coordination between agents (which can be
achieved both through collaboration but also competition) can increase the output of the entire
system, so produce additional output.

In the following we show how our model matches distributed production system observed
across disciplines. We begin each discipline specific section of findings with an ‘introductory’
finding that follow from the model in a straightforward manner, to allow the reader to develop
an intuition for the model, before moving on to more complex findings. As each discipline
has an ‘introductory’ finding in its respective section, readers should be able to skip individual
disciplines.

3.1 Ecology

The first set of findings that we want to compare our model to is biology, specifically macro-
scale interactions as they are studied in Ecology. Ecology provide an interesting comparison
point as it very naturally suits the description of a distributed production system where multiple
independent agents produce a joint output through their interaction. In the case of Biology the
productivity of a system is usually captured by the joint biomass produced by all individuals. In
this first section we hence want to look in detail how our model fits findings of inter-individual
biomass production.

3.1.1 Specialised species develop over time in new environments

The theory of adaptive radiations describes the development of a species when it arrives
in a new environment with currently unrealised ecological niches, so parts of the natural habi-
tat containing enough food and lack of predatory pressures to proliferate which are otherwise
uninhabited. In such cases it can be observed that the species with a single ancestral lineage
starts forming multiple ecologically distinct species, where new species take increasingly spe-
cialised roles in the environment [26]. We want to test whether our model shows the same
overall dynamic observed in the data. For this we create a simulation with a multi-Gaussian
workload shape and observe the average degree of specialisation of the population of agents as
we increase the total number of agents. We opt for this workload shape to highlight some some
part of the environment have more resources than others, however we also contrast this with a
uniform workload shape. We use a fully connected network setup where every agent can interact
with any other agent. The results of this analyses are depicted in Figure 2. Here we observe
that for non-uniform shaped distribution of resources in the environment we get the expected
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relationship, where agents at first take generalist roles as the environment is not yet strongly
populated, but as more agents develop, they take increasingly specialised roles. Importantly
this is not true for fully uniform distribution of resources across the environment, in which case
our model would predict a set of generalists could potentially co-exist. Whether a truly uniform
distribution of resources across the environment is realistic is however doubtful and we assume
that a complex shaped distribution would be observed in most environments. Of course in these
cases our model perfectly aligns with the expected trend.
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Figure 2: According to the theory of adaptive radiations, as species proliferate in a new
environment, they become increasingly specialised. For two workload shapes (uniform, multi-
Gaussian) we study the average specialisation of the converged model as we increase the number of agents.
The predicted trend according to the theory of adaptive radiations is highlighted with the dotted line.
As expected, the multi-Gaussian workload with it ‘ecological niches’ within its distribution replicates the
expected trend.

3.1.2 Diversity of specialisation increases and stabilises biomass production

The results beforehand cover how species interact with environments during the unusual
moment of new environments opening up to species. We next want to focus on the more
typical interaction of species with the environment, and the specific mechanisms that lead to
increased or decreased biomass production over time. One specific example of such a mechanism
has been described in the spatial insurance hypothesis [27, 28, 29, 30, 31] that predicts that
metacommunity diversity both raises the temporal mean of biomass production and buffers its
variability under environmental pressure. We want to test both predictions in turn in our model
[28]. Note that in this context a metacommunity is a collection of species communities occupying
distinct patches of an environment, connected by the movement of individuals between patches.

To test the first prediction, we simulate a community competing for a shared resource that is
progressively removed at random over time, reducing total biomass production capacity until full
community extinction. The spatial insurance hypothesis predicts that more diverse communities
should outperform homogeneous ones at every point in time, and that this advantage should
be reflected in a positive correlation between community diversity and temporal mean biomass
production. We run several simulations across communities of varying diversity to measure this
relationship. Section 3.1.2 confirms the predicted ordering: higher diversity communities sustain
greater instantaneous biomass production throughout the entire time horizon. Section 3.1.2
shows the resulting correlation is positive and consistent across replicates, with low variance,
matching the predicted trend.
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Figure 3: More diverse communities sustain greater biomass production under increasing
environmental pressure. (left) Instantaneous biomass production over time for communities of vary-
ing diversity under progressive resource removal. Higher diversity communities consistently outperform
homogeneous ones. (right) Pearson correlation between temporal mean biomass production and commu-
nity diversity across simulations. The positive trend, estimated via L2 regression, confirms the predicted
relationship.

To test the second prediction, we modify the environmental pressure to a sinusoidal spatial
form following [28]: resources are preserved at peaks and sharply reduced in troughs. Here the
spatial insurance hypothesis predicts that diversity should act as a buffer — low-diversity com-
munities, lacking the functional complementarity to cope with environmental troughs, should
go extinct, while high-diversity communities should persist with biomass tracking the environ-
mental oscillation. We additionally impose an extinction threshold, removing any species whose
biomass falls below a minimum, to make this dynamic observable. Figure 4 shows exactly this
pattern: low-diversity communities collapse under the sinusoidal pressure while high-diversity
ones persist, their biomass oscillating in phase with the environmental forcing. Figure 5 fur-
ther confirms that community diversity is negatively correlated with the temporal coefficient of
variation of biomass production, consistent with the predicted stabilising effect.

Figure 4: Low-diversity communities go extinct under oscillating environmental pressure
while high-diversity ones persist. Time series of biomass production for metacommunities of vary-
ing diversity under sinusoidal resource pressure. Low-diversity communities collapse at environmental
troughs, while high-diversity communities survive with biomass tracking the environmental oscillation,
as predicted.

Together, these results reproduce both consequences of the spatial insurance principle with
our model: diversity of specialisation raises mean biomass output and stabilises its production
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over time.

Figure 5: Greater metacommunity diversity reduces the temporal variability of biomass
production. Correlation between community diversity and the coefficient of variation of biomass pro-
duction, estimated via L2 regression across different spatial frequencies of the sinusoidal environmental
pressure. The consistently negative trend confirms the predicted stabilising effect of diversity.

3.2 Neuroscience

After having looked at biology more through a macro-level perspective of species interacting,
we now want to focus on the smaller scale processes within individual animals, specifically
information processing in the brain. For this section 3.2.1 will first discuss the interaction of
individual neurons during perception, followed by section 3.2.2 discussing how multiple regions
specialise to collaborate via the connectivity and topology of the brain’s connectome.

3.2.1 How neurons interact to jointly perceive stimuli

A large number of neurons in any animal’s nervous system are concerned with processing
visual information, and they are distributed across the eye’s retina as well as species specific
visual processing regions of the central nervous system like for example the visual cortex in
mammals [32]. Many of these ‘vision neurons’ act like visual filters, responding to specific visual
elements present across images, such as dots, lines, and directed movement [33, 32]. So, we here
see a system where large complex visual stimuli are perceived through the joint work of many
distributed agents and hence we want to study whether the way that they work together follows
our model system. To do so, we can study the specific distributions of specialisations that are
observed in studies [34, 35].

If one looks at the distribution of visual filters in the visual system, one can observe a
pattern that the distribution of such filter is not homogeneous [36, 35]. Instead, when studying
the distribution of spatial distribution of visual filters within the retina, where the location of
a filter in the retina is directly link to a location in the visual field, one can find that they are
heterogeneously distributed according to expected stimuli [34]. As an example one can find that
the distribution of specific colour perceiving filters in the retina of mice follows the distribution
needed to identify colour contrasts well in the respective upper vs lower part of the retina, related
to the difference in colours in the sky vs the ground [35]. This follows trivially from our model.
If we take two populations of agents with the same initialisation, that are fully connected within
but not connected across, and present both of them with partially overlapping but different
workload functions to mirror the different expected distribution of visual stimuli, we find that
they naturally converge onto the heterogeneity that mirrors their respective workload function,
similar to the dynamics we described at the start of the ecology section (section 3.1.1).
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Figure 6: Visualisation of the stimuli and its noise evolution. The stimuli on the upper left is
the baseline stimuli that the system is fit to. Other plots show how the stimuli evolves over time as noise
is gradually added to it.

The simple discussion of matching the filter distributions to stimuli obscures the fact that
the production of visual sensors is not only about signal to stimuli matching, but to produce
sensory contrast in stimuli which need to be distinguished in noisy real world environments.
Neurons’ optimisation process for increasing heterogeneity across filters has also been explicitly
linked to better coding under noise [34, 32]. We next want to test whether this also is true for
our model. For this we create a multi-Gaussian workload function which represents the expected
stimuli distribution in the environment (upper left in Figure 6). We create an architecture with
a set of fully connected agents which are fit to this workload shape. Next we transform this
stimulus as if it was observed in a noise environment by adding random noise across the shape
of the signal. We then train the model across different random seeds and generated trials, to
test how the heterogeneity of the filter bank influences the reconstruction of the signal and
the encoding of contrast. The findings are shown in Figure 7. We observe that our model
similarly show better signal reconstruction and contrast encoding if the model has converged on
a heterogeneous selection of filters.
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Figure 7: Visualisation of the stimuli and its noise evolution. The stimuli on the upper left is
the baseline stimuli that the system is fit to. Other plots show how the stimuli evolves over time as noise
is gradually added to it.

3.2.2 How regions specialise to collaborate via the brain’s connectome

In the brain complex information is processed not by individual neurons but instead by
complex networks of them, arranged in brain regions with their unique specialisations [37, 38, 18].
Depending on the situation and complexity of the information, different brain regions collaborate
to jointly produce complex behaviour [18, 39, 40]. An intriguing finding from large primate
brains is the variability of specialisation across brains with many regions. Specifically we observe
that a topologically central region acts as a generalist for complex integrative tasks, called the
Multiple-Demand System, links to a wide network of more specialist regions in the topological
surroundings, which can handle domain specific processing [41, 42, 18, 38].

Figure 8: Network topology underlying the MD system experiment. To run the MD system
experiment we use a star-like topology, where we expect the central agent to converge on a generalist
role, with peripheral agents converging on specialised roles.

This findings combines the varieties of specialisation observed across the brain (both gen-
eralist and specialist) with a specific topological order, where generalists are in the centre and
specialists at the topological surroundings. To test whether this develops in our model, we create
a setup with a multi-Gaussian workload shape and a set of agents that can are connected in
a star-like topology with one agent in the middle and all other agents at the periphery con-
nected to the central agent (Figure 8). These results are depicted in section 3.2.2. Here we
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see that the central agent (agent number 0) show a more generalist set of skills spread across
the workload distribution, whereby the peripheral agents end up showing more specialist skill
distributions around the central agent, thereby replicating the topology observed in context of
the Multiple-Demand system.

Figure 9: The model converges on brain-like structure-function topology. In the brain we
observe that the topologically central region (MD system; 0) takes a generalist role during problem
solving, with more peripheral regions taking more specialised roles (1-8). We see these findings replicated
in our model across the skill distributions (left) and their respective specialisations levels (right).

3.3 Economic systems

While the analyses of the prior sections focused on findings in the context of biology, dis-
tributed production system are a much more general class of systems. To look beyond ecology
and neuroscience, we next want to focus on man-made systems and hence analyse the behaviour
of economic systems. We will first compare our model to productivity gains from global trade
(section 3.3.1), followed by findings from interactions of firms and efficient labour markets (sec-
tion 3.3.2 and section 3.3.3).

3.3.1 International collaboration in global trade

Foundational works in trade theory [43, 12] predict that countries with differing production
capacities collectively gain from trade. The core mechanism is comparative advantage: even if
one country is more productive across all goods, both countries benefit when each specialises
in the good it produces relatively more efficiently and trades for the rest. This robust results
from economics underpins the case for open trade networks over isolated autarchic production,
however we want to note that this model truly assumes maximising production and ignores
any considerations around sovereignty of production. Crucially, the gains from trade are only
realisable when countries are connected — isolated countries, unable to exchange output, have
no incentive to specialise and instead converge on homogeneous, self-sufficient production.
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Figure 10: Connected countries converge on complementary specialisations. Country A (left)
and Country B (right) have equal total production capacity. Once connected through a trade network,
the model drives countries to concentrate their production on complimentary production capabilities.

We test whether our model recovers this result. We initialise two countries with equal total
production capacity cX + cY = 1, where each country can allocate its unit production capacity
between two goods by shifting its skill distribution within the space of skills. We compare two
regimes: autarchy, in which no trade network connects the countries, and free trade, in which
a network connection allows each country to export goods and import the output of the other.
What we observe in our model is that when agents are connected they converge on comple-
mentary specialisations, with Country A concentrating on good X and Country B on good Y
(Figure 10). The specialisation emerges purely from the network connection, as the jointly op-
timal solution the model finds is for each country to focus on a distinct part of the production
space. In the autarchy regime, with no network connection, no such complementary special-
isation emerges and both countries converge on equivalent, homogeneous production profiles.
Figure 11 shows the welfare consequence: under free trade, each country’s consumption possi-
bility frontier (CPF), so the maximum amount of each good a country can consume, strictly
exceeds its production possibility frontier (PPF), meaning the maximum it can produce on its
own.
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COUNTRY B  AUTARCHY

PPF = CPF

X

COUNTRY B  FREE TRADE

PPF
CPF

Figure 11: Complementary specialisation under trade strictly expands consumption possi-
bilities. Under free trade, each country’s consumption possibility frontier (CPF) exceeds its production
possibility frontier (PPF), reflecting the welfare gains enabled by network-driven specialisation. Under
autarchy, CPF and PPF coincide.
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3.3.2 Firm-level production

Research on firm-level productivity has shown that a firm of similarly talented workers can
increase its output first by introducing diversity of skills across workers, and then further by
increasing the degree to which individual workers specialise [10]. The intuition is that workers
with complementary, non-overlapping skills divide the production space efficiently: each unit of
production capacity goes to the worker best suited to it, with no waste from redundant overlap.

We test whether our model reproduces this result. We simulate a firm as a set of N workers
with equal total production capacity, presented with a uniform workload across all skills, with
optimal task allocation so that each unit of the workload is handled by the most capable worker
for that skill. We then vary both the heterogeneity across workers and their average level of
specialisation and measure firm output. What we observe is that firm productivity grows with
both dimensions: Figure 12 shows that across firm sizes, output increases monotonically as
heterogeneity and specialisation jointly increase.

Figure 12: Firm productivity grows with both heterogeneity and specialisation. Firm pro-
duction output as a function of worker heterogeneity (x-axis) and average specialisation level, for varying
firm sizes N . Output increases monotonically in both dimensions.

The relationship between heterogeneity and specialisation is not symmetric, however. Fig-
ure 13 shows firm productivity as a function of specialisation for three fixed levels of heterogene-
ity. In all cases productivity rises with specialisation, but the rate and ceiling of that gain are
set by the level of heterogeneity. The reason is geometric: since individual production functions
are wrapped Gaussian densities, workers with similar skill profiles will always have overlapping
areas under their production functions, and any production unit in that overlap is wastefully
competed for rather than efficiently divided. Heterogeneity reduces this overlap by separating
workers across the production space, and specialisation then sharpens that separation further. A
homogeneous firm gains nothing from specialisation because workers with identical skill profiles
compete for the same production units regardless of how narrowly they specialise. What [10]
formalise as complementarity between workers corresponds directly in our model to this non-
overlapping area: the greater the complementarity, the less capacity is wasted, and the closer
the firm approaches its theoretical productivity maximum of N for an N -worker firm.
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Figure 13: Heterogeneity sets the ceiling that specialisation approaches. Firm productivity
as a function of specialisation level for three fixed levels of heterogeneity (N = 2). Greater heterogeneity
enables a higher productivity ceiling and faster gains from specialisation, confirming that complementary
skill diversity is a precondition for specialisation to be productive.

3.3.3 Labour market interactions

Research on labour markets has shown that firms actively search for workers who complement
their existing workforce, and that the specialisation of hired workers increases as labour markets
become more efficient and search becomes less costly [10]. This connects naturally to the finding
of the previous section: just as network connectivity between countries enabled complementary
specialisation to emerge, a frictionless labour market can be understood as a high-connectivity
environment in which firms can readily reach the most complementary workers available. Con-
versely, a highly inefficient market limits effective connectivity, constraining firms to nearby, less
specialised hires and suppressing the complementarity gains described in section 3.3.2.

Coworker search is not a native mechanism of our model, but the core prediction can be
approximated by treating search cost as a constraint on which potential coworkers are reachable.
We fix a firm of one worker and populate the labour market with potential coworkers of increasing
specialisation at increasing distance in skill space. A search cost parameter α ∈ R+ ∪ {∞}
penalises distance to potential hires, with α = 0 corresponding to a frictionless market and
α = ∞ to a maximally inefficient one. The firm hires the coworker y∗ that maximises the net
production gain after search costs:

y∗ = y01α=∞ + argmaxy∈Y (w(x, y)− αy)1α<∞.

What we observe is three regimes, depicted in Figure 14. In efficient markets with low α, the
firm converges on a highly specialised and complementary hire. As friction increases, the optimal
hire becomes progressively less specialised, reflecting the firm settling for a more reachable but
less complementary worker. In maximally inefficient markets, the firm hires the nearest available
worker regardless of complementarity, and the productivity gains from specialisation described
in the previous section are lost entirely.
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Figure 14: Labour market efficiency determines the specialisation of hired coworkers. Spe-
cialisation of the optimal hire as a function of labour market inefficiency α (right-to-left: decreasing
friction). Three regimes are visible: a high-specialisation plateau under efficient markets, a transition
region of declining specialisation as friction increases, and a low-specialisation plateau under maximally
inefficient markets where search cost outweighs any complementarity gain.

Our model thus recovers the qualitative prediction of [10]: labour market efficiency is a
precondition for firms to realise the complementarity gains from specialised hiring. A richer im-
plementation incorporating multiple competing firms, stochastic search, and worker bargaining
power could be added to the model directly and would allow for a more detailed comparison
with the full setup of [10].

3.4 Computer Science

We have now replicated a variety of findings across distributed production system’s from
ecology, neuroscience, and economics. We lastly want to expand this set with findings from
computer science, as later sections will focus on applying our model in this specific context. To
do so, we first focus on the language model scaling laws [44], as many data points have been
captured in context of that specific empirical relationship. This will be followed by more small
scale individual model findings.

3.4.1 Language model scaling laws

The Chinchilla scaling laws [44] describe how the performance of a large language model
depends on two resources that can be traded against one another under a fixed compute budget:
the number of parameters N , which determines the model’s capacity to represent knowledge, and
the number of training tokens D, which determines how thoroughly that capacity is exercised
during training. More parameters allow the model to store more distinctions; more data allow it
to learn those distinctions more accurately. The empirical relationship between these quantities
and the resulting loss L takes the formC = C0DN

L =
A

Nα
+

B

Dβ
+ L0

where C = C0DN is the total compute cost, and A, B, L0, α, β are constants fit to empirical
data. The key insight of Chinchilla is that both terms in L must be reduced jointly: adding
parameters without sufficient data leaves capacity underutilised, while adding data without suf-
ficient parameters leaves the model unable to absorb what it sees. In our distributed production
model, agents play the role of parameters — each agent is a unit of productive capacity spe-
cialised to a region of the workload — and the number of subintervals D used to discretise
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the demand function plays the role of training tokens, determining the resolution at which the
system must match the workload. The compute cost maps onto the inverse of the resource
constraints, since covering more of the demand space at finer resolution jointly increases the
resource requirement. The same trade-off therefore has a direct structural counterpart: too few
agents leaves demand regions unmatched, while too coarse a discretisation of demand prevents
the system from identifying where agents are needed. If this analogy is well-founded, the model
should recover the Chinchilla functional form without it being imposed by construction.

Figure 15: Chinchilla scaling predicts that loss decreases as both model capacity and data
increase. Computing cost C (left) and loss L (right) are shown as a function of number of agents N and
number of demand subintervals D. Both surfaces vary in the expected directions: C scales proportionally
with DN , and L decreases monotonically as either N or D increases.

To test this, we vary N and D across a range of values, solve for the optimal agent config-
uration at each (N,D) pair, and record the resulting loss L(N,D). Figure 15 shows that both
C and L vary smoothly and monotonically across the (N,D) plane in the expected directions:
loss decreases as either N or D increases, and compute cost rises proportionally with their prod-
uct. Figure 16 shows that the Chinchilla functional form provides a close fit to the simulated
(N,D,L) surface. The distributed production model thus recovers Chinchilla-type scaling as an
emergent property.
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Figure 16: The distributed production model recovers Chinchilla-type scaling without it
being imposed by construction. The Chinchilla functional form L = A/Nα + B/Dβ + L0 is fit to
the simulated data points (N,D,L(N,D)). The close agreement between the fit surface and the data
confirms that the model’s loss landscape follows the same scaling structure as empirically observed in
large language models.

3.4.2 Robustness of function approximation through heterogeneous processing time
scales

A recurring finding across small-scale computational studies, particularly in neuromorphic
computing, is that heterogeneity in processing time scales improves robustness of function ap-
proximation [45, 46, 17]. This mirrors the robustness effects of heterogeneity we already observed
in the ecology findings of section 3.1, where community diversity stabilised and biomass pro-
duction under environmental pressure. That the same relationship between heterogeneity and
robustness appears across scales and substrates suggests that our model captures a general
underlying mechanism linking heterogeneity to robustness in distributed production systems,
rather than a domain-specific effect. Section 4.5 investigates this mechanism systematically
from the perspective of the model’s general principles.
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4 The principles behind production in any distributed system

It is now clear that our simple mechanistic model can replicate behaviours of a wide set of
distributed processing systems but it is yet unclear which principles drive the behaviour of the
model that are shared across the findings replicated in the prior section. To uncover these, we
next want to study the model’s attractors and fixed points, scaling behaviour, and characterise
its main modulating variables, as these have proved useful to understand dynamics in modelling
systems such as Game Theory [1, 2]. In the following we use a combination of simulation-based
and analytical approaches to derive the underlying principles that drive the behaviour of the
model system.

Our model, on a fundamental level, tries to capture how agents through their interaction
optimally produce an output, where the converged solution of the model tells us about the ideal
system level setup given the number of agents, the work they ought to produce, and the means
by which they can interact. In the following we hence want to study the principles that the
model follows to arrive at the optimal solution based on the variables.

4.1 Heterogeneous scaling laws: The drive towards heterogeneity in dis-
tributed production system

The scaling behaviour of systems has played a prominent role across disciplines [8, 47] and
hence is the first focus of our analyses, where we want to understand what the optimal systems
level solution looks like, as we add more agents. To study this scaling behaviour independently
of the shape of the workload, we create a set of 16 different workloads covering a large variety
of shapes (uniform, Gaussian, mixtures of up to five Gaussians, etc.; details in section C.1).
We then gradually add increasingly more agents in a fully connected topology and study the
the scaling behaviour of the overall system using heterogeneity and specialisation as metrics
(see section 2.9 fore details). The results are depicted in Figure 17. What we observe is that,
as the system increases in size, the optimal system’s level solution is to increase the system’s
heterogeneity, while the agents added do take increasingly specialised roles. Specifically we find
that the optimal heterogeneity H∗ and optimal specialisation scale with the number of agents
as the arctan function: H∗(x) = a arctan(bx) + c, where x is the variable denoting the number
of agents and a, b, c are three positive constants that depend on the exact shape of the workload
and the collaboration between agents, as studied by the following sections. It is to note that
while the exact scaling of the positive constants depends on the workload, the overall trend is
present across all workloads. Additionally section A.3.5 verifies that this is not a confound of
the used metric.
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Figure 17: Heterogeneity and specialisation scale with the system size. Each dot is the mean
value for a system with a specific number of agents averaged across the 16 workloads studied.

4.2 The influence of the workload on system’s level heterogeneity

While the ideal system’s level setup drifts towards heterogeneity independently of the specific
workload, we of course know that the shape of the workload does influence the ideal system’s
level solution. Next we want to characterise this relationship in more detail. To do so, we
utilise the same selection of 16 workload shapes in the previous scaling relationship analysis, as
depicted in section C.1). We then scale the size of the system’s up as in the prior section and
extract the asymptotic heterogeneity value for each workload. To understand how the shape
of the workload influences the asymptotic heterogeneity of the system, we characterise it with
a number of metrics such as the maximum range of the workload, the number of peaks, and
the entropy of the workload distribution (details on all metrics in their calculation are specified
in section C.1.1. We then correlate the metric’s value across all workload and correlate them
with the system’s heterogeneity value per workload, resulting in one correlation per metric.
The correlations across metrics are shown in Figure 18 and show that the maximum range
of the workload has the highest correlation, suggesting it to be most related to the system’s
heterogeneity.
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Figure 18: The maximum spread of the workload has the highest correlation with the
optimal system heterogeneity. Correlations are based on extracting each metric’s value for each
of the 16 workloads and correlating it with the asymptotic heterogeneity value of the system for that
workload.

Calculating a linear regression model shows a significant effect of maximum range on hetero-
geneity (β = 0.627, p < 0.02; Figure 19). The maximum range metric’s intuitive interpretation
in the context of real world tasks is that what is important about a task for the heterogeneity
of the ideal system is how different the two most different operations within the task are.

Figure 19: The Maximum Spread of the workload function significantly predicts the het-
erogeneity of the solution. Each dot is one specific workload function that is associated with a
measurement of the maximum spread and the asymptotic heterogeneity. The regression line is the best
linear fit for the data.
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4.3 Locality and topology in context of heterogeneity

A core quality of our model is that the set of agents that are jointly solving the workload
interact via a network topology which allows collaboration between some but not others of all
agents. In section 3.2.2 we have already seen that the network topology has unique effects on
the specific specialisations that individual agent converge on and here we want to explore the
effect of topology more specifically in the context of heterogeneous scaling. We want to note
that the specific interactions between topology and heterogeneity are much richer than just the
scaling relationships but for the focus of this section we will nevertheless restrict ourselves to
scaling. We can study the effect by creating a set of agents with a fixed number and again
extract the optimal architecture across a set of workloads, however this time while gradually
increasing the potential for collaboration between agents, by gradually increasing the strength
of communication between them. This is captured by a higher rank communicability matrix
(see section 2.3 for details). Figure 20 shows that as we increase the communicability across the
system, the system’s potential for heterogeneity increases, and so does its average performance
across workloads. A topology that generally facilitates active collaboration hence supports the
system in its drive to converge on a heterogeneous solution.

Figure 20: High communicability across the systems allows for more heterogeneous archi-
tectures. When controlling for the average communicability across an architecture (x axis), we find
that the system can converge on more heterogeneous solutions as the communicability within the system
increases.

4.4 The connection between heterogeneity and efficiency

The idea of the optimal system’s level solution that our model converges on rests on an
implicit statement of ‘optimal performance given the resources available to the system’. The
resources available to the system can for example come in the number of agents and fundamen-
tally the concept of optimal allocation implies the efficient utilisation of such resources. Next
we want to explicitly test the role of efficiency in our system. To test this in our model we need
to actively control for the resource constrains in the model and observe how this changes the
optimal system’s level architecture. For this we again use the model across the set of workloads
from before and now gradually increase the resources constrains on the system, by dividing the
overall output of all agents by in increasingly large number, so that for each part of the output
space of all agents the efficacy is reduced, and the system overall hence needs to use its remaining
production more efficiently. The results are depicted in Figure 21. They show how, when forcing
agents to find the efficient solution by limiting their efficacy, the system increasingly converges
upon a heterogeneous setup, across workloads.
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Figure 21: The efficient system’s level architecture is a heterogeneous architecture. When
forcing agents to find the efficient solution by limiting their efficacy, the system increasingly converges
upon a heterogeneous setup, across workloads.

We can further highlight this effect by showing that in any scenario where the agents are
forced to find the efficient solution, that they converge on a heterogeneous solution in order to
increase performance. This can be seen in Figure 22, where we observe that there is a strong
correlation between the system’s heterogeneity and the system’s performance, when significant
resource constrains are present in the system.

Figure 22: Performance and heterogeneity are strongly correlated under resource con-
straints.

While the above results establish a strong correlation between heterogeneity and performance
under resource constraints, it is important to ask whether this relationship holds independently
of the resource constraints themselves — that is, whether heterogeneity carries additional ex-
planatory power for performance beyond what resource scarcity alone would predict. To test
this, we conduct an incremental predictive analysis. For each combination of resource constraint
level r ∈ R and heterogeneity stiffness parameter s ∈ S, we optimise N = 16 agents and record
the resulting heterogeneity H and performance P . We then compare two nested polynomial
regression models: a full model M1 : P ∼ poly(R,H) and a restricted model M2 : P ∼ poly(R),
using an F -test to assess whether including H significantly reduces prediction error beyond R
alone. To examine whether this relationship is regime-dependent, we partition the data into three
resource-constraint regimes (terciles) and repeat the comparison with per-regime linear models.
The results are shown in table 1. Under abundant resources the inclusion of heterogeneity yields
no significant improvement (p = 0.349), consistent with agents being able to meet demand re-
gardless of their degree of specialisation. Under mid and high resource constraints, however, the
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effect becomes strongly significant (p = 0.007 and p = 0.008 respectively), with the prediction
error ratio E2/E1 growing from 1.91 to 8.57. This confirms that the performance–heterogeneity
relationship is not simply a reflection of resource scarcity: heterogeneity carries independent
explanatory power for performance, and that explanatory power intensifies as resources become
scarce.

Regime E2/E1 F p-value

Low R (abundant) 1.91 1.01 0.349
Mid R 2.68 13.94 0.007
High R (scarce) 8.57 10.66 0.008

Table 1: Heterogeneity carries independent explanatory power for performance under re-
source constraints. E2/E1 is the ratio of prediction errors of the restricted model (M2, resource con-
straints only) to the full model (M1, resource constraints and heterogeneity), and F is the corresponding
F -statistic. The explanatory power of heterogeneity for performance is negligible under resource abun-
dance but becomes strongly significant as resources grow scarce.

4.5 Heterogeneity for future risk mitigation and robustness

Part of good system level design is not only optimising for the problem that is observed
right now, but also how it might change in the future. Prior empirical results suggest that
heterogeneity might be specifically powerful for such robust future performance [45] and hence
we want to investigate whether heterogeneity specifically links to future risk mitigation. To do
so we consider two specific ways in which the task may change over time, a Brownian motion
evolution of the task and and extreme-shock event to the task landscape, both are depicted in
Figure 23.
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Figure 23: Changes to the task landscape to measure system robustness. The black doted
line on both plots highlights the original workload shape. Left: Brownian motion evolution of the task.
Right: Change of the task under risk of extreme shocks, for a specific example shock. Shocks only appear
stochastically, so the exact shape of the shock varies and for any given trial no shock might occur.

We now want to test which optimisation strategies would best prepare a system for dealing
with future shocks. For this we first fit a system to the original workload and then explore
different strategies by which one additional agent could be added to the system. We then
can measure the functional costs different strategies produce by not fitting the shape of the
now reshaped workload. This allows us to see which optimisation strategy is the best one to
use for allocating otherwise spare resources. We compare three strategies. The ‘residual-fit’
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strategy allocates the agent to the currently non-realised section of the task performance (i.e.
the residuals). The ‘random’ strategy adds an agent using a uniform probability distribution
over the skill space. The ‘max-heterogeneity’ strategy adds an agent where the agent maximises
the heterogeneity of the resulting system. The comparison of the performance of the strategies
is depicted in Figure 24.
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Figure 24: Heterogeneous scaling is the most robust strategy for future changes of the
workload. When comparing the different strategies (x axis) on performance on tasks that were trans-
formed with either Brownian Motion or Extreme Event transformations, we find that heterogeneous
scaling is the most cost minimising strategy as it minimises the deviation from the future shape of the
workload.

4.6 The recursive property of heterogeneity maximisation

The Maximum Heterogeneity Principle applies not only to a single layer of agents but prop-
agates recursively through any hierarchical system in which the output of one layer constitutes
the workload of the layer below. To see this, consider a system with n layers, each defined over
its own skill space Tk, with agents parametrised by (µ(k), σ(k)) and connected through a network
Q(k). The output of layer k is a production function W (k) over Tk, which serves as the workload
demand that layer k + 1 must satisfy:

T0
ϕ1←−− T1

ϕ2←−− · · · ϕn−1←−−−− Tn−1
ϕn←−− Tn,

where each ϕk is the mapping between adjacent layers. In the three-layer case that describes a
cognitive system running on algorithms executing on hardware, this takes the concrete form:

Tcog
ϕ1←−− Talgo

ϕ2←−− Thardware.

The key argument is as follows. At the top layer, the Maximum Heterogeneity Principle
establishes that the optimal agent configuration is the maximally heterogeneous one. This
optimal configuration produces a joint output W (1) that, by the nature of the heterogeneous
coverage solution, is itself a broad and distributed function over T1. That distributed output
then acts as the workload for layer 2. Since a broad workload is precisely the condition under
which the Maximum Heterogeneity Principle applies (section 4.2), the optimal configuration at
layer 2 is again maximally heterogeneous. The same logic applies at every subsequent layer: a
heterogeneous solution at layer k produces a workload at layer k + 1 that is broad enough to
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drive heterogeneity there too. Heterogeneity at the top therefore induces heterogeneity all the
way down.

This argument holds as long as the inter-layer mappings ϕk are order-preserving on the
region of skill space where the inter-agent variance lies, the condition established in section B.3.
Under that condition, the breadth of the workload produced at one layer is preserved as it is
passed to the next, and the drive toward heterogeneity is not lost in translation between layers.
Partial bottlenecks, where the mapping collapses parts of the skill space outside the region of
meaningful variance, do not disrupt this: as long as the mapping preserves the structure of the
workload where it matters, the recursive propagation of heterogeneity holds. Only a complete
collapse of the workload to a near-uniform or Dirac-delta function at some layer would break the
chain, as that would remove the distributional pressure that drives heterogeneity at the layer
below.

4.7 The resulting Maximum Heterogeneity Principle

What the results of this section jointly point to is an overall dynamic whereby the ideal so-
lution for distributed production system is to converge on a maximally heterogeneous solution,
only constrained by the maximum range of the task it is presented with, with the exact topolog-
ical order specialisations within systems influenced by the internal communication structure of
the system. As already shown in the discipline specific findings, the trend towards heterogeneity
supports both overall system productivity as well as efficiency and robustness. Lastly, the het-
erogeneity maximising property stays true in multi-level system setup, due to recursive property
of our observations. We hence suggest that the overall system dynamic of distributed production
systems can be summarised through what we call The Maximum Heterogeneity Principle.

Beyond the all findings describes in section 3, the now derived The Principle of Maximum
Heterogeneity also more specifically aligns with observation already made in biology and eco-
nomics and hence reconciles them [26, 48, 49]. More interestingly, the principle does not only
reconcile empirical observations but also connects naturally to several established mathemat-
ical frameworks, suggesting it may serve as an integrative theoretical principle more broadly.
The most direct link is to the Maximum Entropy Principle [50]: when the similarity struc-
ture between agents is uniform, maximising heterogeneity reduces to maximising the Shannon
entropy of the agent distribution, since the two quantities are related by a strictly increasing
transformation. The Maximum Heterogeneity Principle can therefore be understood as a dis-
tributed agent-focused view of the Maximum Entropy Principle, extending it to settings where
agents carry structured pairwise similarities rather than being exchangeable. A related con-
nection arises with overcomplete bases in signal processing and sparse coding: an overcomplete
basis achieves robustness and flexibility by spanning a space with more elements than strictly
necessary, mirroring the logic by which heterogeneous systems outperform minimal ones under
changing workloads.
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5 Trying to force homogeneity into distributed production sys-
tems

The prior section has made clear that distributed production systems across many fields will
achieve optimal performance through building up heterogeneous systems-level architecture. As
these conclusion were drawn from a theoretical model that was validated to empirical phenomena,
it is important to test for its edge cases to reveal the model assumptions and show the specific
necessary conditions are for The Principle of Maximum Heterogeneity to be observed. In the
following we explore edge cases of the workload definitions, communication networks and task
assignment, and conclude that the conditions to break The Principle of Maximum Heterogeneity
are outside what is to be expected for any large distributed system.

5.1 Absolutely homogeneous workloads

The heterogeneity observed across the system’s level architecture is influenced by the specific
workload / demand function of the environment, for cases when such a functions is present. The
results from the prior section make this explicit as section 4.2 shows how the kind of heterogeneity
that develops is related to properties of the workload function and the this property ought to
recursively permeate through the different layers of the model as shown in section 4.6. This also
means that with relatively narrow and low stochasticity workloads, the ideal heterogeneity is
going to be lower, but importantly, the system overall will still converge upon a heterogeneous
solution within the bound of expected task heterogeneity. What about the extreme case when a
single-valued Dirac Delta function describes the workload? This is an edge case that does break
the optimisation of the model, so our model does not make specific prediction for such cases.
However, this also not a realistic scenario, not because Dirac Delta distributed workloads do not
exist at all, but because no distributed production system would ever face them. In section B.2
we provide a more detailed discussion of why that is, but in short, a Dirac Delta workload
would imply that a single irreducible function (so it could not be decomposed) needed to be
performed with a fixed (never varying) rate of executions per unit time. The closest example
would likely be a clock oscillator, such as those found in CPUs or quartz crystals, which performs
a single irreducible operation, toggling a bit, at a fixed frequency. However the kind of economic,
biological, and computing systems that we are concerned with with our model are supposed to
cover workloads of higher complexity that naturally distribute across actors, as the many cases
described in section 3 make clear.

5.2 Only allowing communication between identically skilled agents

The analyses in the prior principles section has revealed how good communication between
agents is important to realise the needed levels of heterogeneity for good performance (sec-
tion 4.3). On the flip-side that also means that any system with very poor communicability
across the system will not be able to benefit from heterogeneous architectures and hence also
not converge on it. A specific example of this was discussed in more close detail in context of
non-trading countries (section 3.3.1), where countries without trade relationship converge on a
homogeneous production of goods. Hence one can force a homogeneous solution by not allowing
for collaboration between agents. The most direct route to this was of course to not allow for
any network connections between agents. This could either be because no network connections
are present, but that of course defeats the point of a model of ideal distributed production. A
more nuanced scenario could be found for a constraint on communication which only allowed
agents to collaborate if they were very similarly specialised. One could imagine a case of human
collaboration (section 3.3.2) where differently skilled humans struggle to efficiently collaborate
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due to jargon, where increasing specialisation would also cause a decrease in the effectiveness of
communication and hence act as an upper level constraint on the optimal level of heterogeneity.
While this would decrease the optimal heterogeneity, it would only make the system to converge
on a homogeneous solution if one did not allow for any communication as soon as agents were
just minimally differently specialised. This does not seem like a reasonable effect of specialisation
in any realistic distributed production system.

5.3 Task to agent assignment and the orchestration problem

An implicit assumption of the model is that task assignment is optimal: each agent i is
allocated the subworkload it is best placed to cover, such that the full workload is partitioned
as W0 =

∑
iW

(i)
0 . Here we argue that the heterogeneity result is robust to violations of this

assumption, even under fully random task assignment.

To see this, consider what random task assignment means for the system. Rather than
each agent receiving its ideal subworkload, each agent receives a subworkload drawn from a
distribution P over possible partitions of W0. The system must therefore be configured to
perform well in expectation over P, rather than for one specific assignment.

This is the central trade-off that optimal portfolio theory addresses [51, 52]. An investor
who must allocate capital across assets before knowing their future returns faces an analogous
problem: concentrating all capital in a single asset maximises return if that asset performs well,
but produces large losses otherwise. The optimal response under uncertainty is diversification,
spreading exposure so that performance is robust across the range of possible outcomes. This
logic does not require knowing future outcomes precisely; it only requires that outcomes are
uncertain and no single one is guaranteed.

The same reasoning applies here. A homogeneous configuration concentrates all capacity
near a single region of skill space. Under a favourable assignment this performs well, but the
expected loss EP [L(µ, σ)] over random partitions will be high because the probability that every
agent consistently receives a subworkload near its single shared specialisation approaches zero
as the system grows. A heterogeneous configuration, by distributing agent positions µi broadly
across T , reduces this expected loss at the cost of a modest reduction in best-case performance,
exactly as a diversified portfolio trades peak return for robustness. We do not claim that the
optimal configuration under random assignment is identical to that under perfect assignment.
What the portfolio argument establishes is the weaker but sufficient result: a homogeneous
configuration is never optimal under an unbiased P, because concentrating capacity is always
the worst hedge against uncertainty in task assignment. The Maximum Heterogeneity Principle
therefore holds not only under perfect orchestration but across the distribution of possible task
assignments.
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6 What this means for large scale AI and computing systems

After having established The Principle of Maximum Heterogeneity and its boundary cases,
we next want to demonstrate how a cross-disciplinary principle can be applied to a new context
where it can make specific predictions and act as a design blueprint for optimal systems-level
design. Specifically we focus on large scale AI and computing systems, where the status quo
looks very unlike what we would expect from our simulations, as generally speaking, large
scale AI workloads are executed on high-performance computing clusters where the majority
of operations is run on a single type of computing chip (GPUs). These systems hence show a
much more homogeneous architecture, despite many of the cognitive skills that they are trying
to achieve via large scale AI certainly being best captured by a wide workload distribution
(arguments for a wide workload distribution are discussed in section B.2). Here we model the
specific reasons for this and show what we should expect to be possible if we build compute
systems differently.

6.1 Breaking The Hardware Lottery

Why do large scale computing systems seem to behave very differently from what is predicted
by our principles, with relatively homogeneous scaling observed in current systems? The reason
for this has been coined ‘The Hardware Lottery’ [53] and is in fact predicted by our model.
Specifically The Hardware Lottery discusses that any compute system is strongly constrained by
the available hardware, as any function needs to be executed by chips and circuits. The chips we
currently have which can execute operations at a large scale in parallel do so specifically focused
on matrix multiplication, so that all systems are strongly constrained by having to go through
a narrow set of functional representations. As the recursive property (section 4.6) suggest, such
bottlenecks into a narrow width of functions can permeate across level, and section 4.4 highlights
how the productivity and efficiency of a system is drastically reduced through such bottlenecks.
We can more specifically show this in our model by running simulations where we introduce a
second order constrain that limits the functions that agents can converge on (see section 2.7 for
details). Having a strong second order constrain is equivalent to having a strong hardware lottery
force, where agents are strongly limited in which function they can execute well. Figure 25 shows
how increasing the strength of the hardware lottery effect gradually decreases the performance
of the system as the workload is now well captured by the system of agents. The only way
to compensate for the loss in performance with strong second order constraints is to allocate a
large access of resource to the compute system.
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Figure 25: The Hardware Lottery decreases system performance in a resource constrained
compute system. The strength of the second layer constrained decreases the overall performance of
the system through decreasing the heterogeneity of the system’s solution.

As discussed by the prior literature [53] our simulations show that such second order con-
strains severely limit innovations that could otherwise result in increased performance of com-
puting systems. However, The Principle of Maximum Heterogeneity can also go beyond these
previous observations by making specific predictions in how these constraining second order
pressures can best be minimised. Specifically, the recursive property suggest that to avoid any
constrain, the level of heterogeneity should permeate through the individual layers of the system.
Hence, in a currently second order constrained system, the ideal new hardware pieces are place
in a way that mirror the heterogeneity of the upper level. We can again show this with a spe-
cific simulation, this time by creating a set of second-order constraints that is perfectly aligned
with the workload. In this case, which is effectively means creating the perfect heterogeneous
hardware set, we find that this restores the system performance perfectly (Figure 26).
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Figure 26: Perfect system performance is achievable with heterogeneous hardware con-
strains. When the second order constrains are homogeneous, we loose performance in lieu of overpro-
duction. Having aligned heterogeneous hardware constrains reduced overproduction and recovers the
optimal system’s level performance.

The Principle of Maximum Heterogeneity predicts that new hardware pieces will unlock new

39



The Principle of Maximum Heterogeneity Optimises Productivity in Distributed Production Systems

level of performance in our compute systems, as long as they play complimentary roles with
regards to the overall workload function. It is now an increasingly interesting time to track
the outcome of this prediction, as new kinds of accelerators are being developed which can
complement the existing hardware stack [54, 46, 55, 56, 57, 58].

6.2 Redefining Scaling Laws

As already discussed in prior sections, scaling laws have been observed across many disci-
plines [8] and have also played a particular role in the scaling of large language models because
of the observed neural language model scaling laws [47] which observe increasingly improved
performance of models as a function of compute, data, and number of model parameters (dis-
cussed in more detail in section 3.4.1). Critically, it has given us the license to scale up our
compute systems as targeting increased parameters numbers and amount of compute in FLOPs
were predicted to have a direct effect on the performance of the resulting model. Our simula-
tions predict that as we move towards models which ought to be truly domain general [18], we
need to consider not purely thinking about the FLOPs but also the kind of operations that are
realisable through these FLOPs as we otherwise risk imposing a strong second order constrain
on the systems level design which will continue to degrade the efficiency of the overall systems
level design section 4.4. This is not to say that one could never achieve domain-general cognition
without heterogeneity, but that doing so at acceptable and economical compute budgets might
remain an elusive goal under homogeneous scaling. Adding the correct kind of heterogeneity
promises to continue not only scaling the computational capacity of our systems but also doing
so while keeping the marginal benefit per addition in compute high.

6.3 Expanding The Bitter Lesson

As achieving increasing performance of models via a pure scaling strategy resonated with
Sutton’s ‘Bitter Lesson’ [59], stating that models which rely on scalable strategies to acquire
their skills, so through learning and search, would always end up outperforming methods that
relied on ‘cleverly hand-designed systems invoking smart priors’. The heterogeneous scaling
laws that follow from The Principle of Maximum Heterogeneity are not in violation of that
but instead highlight how important it is that we expanding the scalable system-optimisation
strategies to cover not only well-established model parameter training via gradient descent,
but instead move to a world where learnable algorithm-hardware co-design is possible at scale
[60, 61, 62, 46, 63, 64, 65].
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7 Discussion

The main contribution of this work is the discovery of the Maximum Heterogeneity Principle.
We do so by developing a new theoretical model which generalises across scientific disciplines and
is tractable enough to allow us to derive what laws it follows to converge on optimal system’s level
design. We summarise this set of laws in The Maximum Heterogeneity Principle of distributed
production systems, which says: when a system develops towards optimal performance it needs
to optimise towards heterogeneity. Optimal performance here means both maximum efficacy
and efficiency, as well as robustness. Fixed environmental demands can provide an upper bound
on the need for heterogeneity, and the locality and spread of heterogeneity across a system is de-
fined by the system’s internal communication structure, more specifically the radius of effective
communication between agents defines the spread of heterogeneity throughout the system. In
this, The Maximum Heterogeneity Principle has a recursive property. This means that when one
production systems underlies another production system, as can be seen in computational prob-
lems being solved by algorithms on the top level which in turn are being executed by computer
chips on the bottom level, that the heterogeneity of the highest level system needs to permeate
across all layers of the system for optimal performance. Hence heterogeneity optimises perfor-
mance of a system across all layers of a system. The discovery of The Maximum Heterogeneity
Principle has important implications both for understanding large distributed systems, as well
as constructing new ones.

Capturing the complex dynamics and relationships that underlie phenomena observed across
nature is the fundamental goal of the sciences and with The Maximum Heterogeneity Principle
we reveal a new attractor point of any distributed production system, making it to converge on
a heterogeneous system level setup as a product of optimising its own productivity. Admittedly
it seems that only very rarely systems across scale seem to agree on their inner workings, such as
previously describe by the x

3
4 scaling law [8], and The Maximum Heterogeneity Principle seems

to be one of these rare but clear cases. We are far from the first to spot the importance of
heterogeneity across systems [13, 66, 11, 18, 10], and through our model we were able to pin
down why it is so prevalent in systems all around us.

A large part of the scientific value of ‘general principles’ comes from their applicability to
new situations. Game theory as example has not only answered scientific questions but has also
been a helpful tool for navigating real world conflicts [67]. The Maximum Heterogeneity Principle
promises the same applicability to new systems. In our work we discussed its applicability to the
design of radically different computing systems already, predicting that new levels of performance
could be achieved if we scaled them in a heterogeneous than a homogeneous way. Specifically,
our work proposes new heterogeneous scaling laws which would break the hardware lottery
that we currently face in computing systems [53]. This quantitatively supports perspectives on
new computing systems designs which have been described by other [68, 69, 70]. This would
open up a whole new world of large scale computing that would be unachievable today and
The Maximum Heterogeneity Principle can act as a blueprint towards constructing these new
computing systems.

The question remains how broadly the Maximum Heterogeneity Principle generalises beyond
computing. We believe it applies to any distributed production system, which we define as any
system in which agents jointly produce an output through collaborative and competitive inter-
actions, such that appropriate coordination can increase total output. This encompasses the full
range of systems studied here: ecosystems producing biomass, neural circuits producing cogni-
tion, and economies producing GDP. The boundary of the principle’s applicability is therefore
the boundary of this class. In systems that are not distributed production systems, increasing
heterogeneity need not be beneficial. A useful contrasting case can be found in physical processes
aimed at reducing entropy, such as cooling or crystallisation, where energy is actively expended
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to decrease heterogeneity. That such reductions require an energy cost is itself consistent with
the second law of thermodynamics, and underscores that the drift towards heterogeneity we
describe is a property of systems optimising joint output, not of systems in general.

7.1 Limitations

Our model treats workloads as flat distributions over tasks, but in practice workloads have
internal dependency structure: operations must often be executed in a specific order, forming
graphs rather than independent draws. This limitation is relevant across the systems we study.
In computing, workload graphs are standard; in economics, production chains impose ordering
constraints on inputs; in neuroscience, perceptual processing decomposes complex features in
a fixed hierarchical sequence. Extending the workload representation to graphs is a natural
next step. A related point is that in real computing systems some operations can be hidden
through parallelisation, effectively reducing their weight in the distribution; this is consequential
primarily in peak-heavy workload distributions, where it may shift the optimal agent skill profile.

On the agent side, our model does not currently account for resource depletion at the lower
level, nor does it handle cases where agents differ substantially in overall skill level rather than
in the shape of their skill distribution. Both are natural extensions. More broadly, we also
observe that the principle does not straightforwardly account for cases of strong within-feature
homogeneity, such as the uniform long neck across giraffes, where a single trait converges to a
fixed optimum across all agents in a system.

7.2 Conclusion

The Maximum Heterogeneity Principle describes how in their goal of optimising their per-
formance, all distributed production systems ought to drift towards increasingly heterogeneous
system’s level designs. We uncover this principle by integrating scientific studies across 6 dis-
ciplines and at least 80 years of scientific findings and it can now guide us to construct better
large scale distributed systems.
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Appendix

A Heterogeneity measure

In this appendix section we give insights, details and motivation on the framework we use
to measure heterogeneity in a way that enable to discriminate between production systems of
different nature: economic production systems (firm of workers, countries trading together),
neural networks or biological production systems (communities of plants producing biomass).

A.1 Plenty heterogeneity measures

We need a tangible way to assess the heterogeneity. The literature provides a vast amount of
different measures, each emphasizing on different forms of difference within a system they tend
to capture. We provide a few illustrative examples. The simplest measure is the richness which
is the count of distinct types in a sampling unit,

S =
K∑
i=1

1{pi>0},

where ni is the abundance of type i in the sample. From information theory, the Shannon
entropy provides an interesting way to measure heterogeneity as the spread of a probability
distribution (the average amount of surprise when sampling from this distribution),

H = −
K∑
i=1

pi log pi,

with pi = ni/
∑

j nj is the proportion of type i in the sample. There is also an extensive number
of statistics, such as the sample variance, the coefficient of variation, the Simpson index [71],

D = 1−
K∑
i=1

p2i ,

the Hill numbers [25] which correspond to the effective number of elements in a system (Hill
numbers of order q),

Dq(p) =

(
K∑
i=1

pqi

)1/(1−q)

.

Statistical tests have also been used to assess heterogeneity. E.g. Cochran’s χ2 test or the Q−test
assess clinical heterogeneity which describes the differences between studies’ results addressing
a common question [72, 73, 74].

A.2 Toward a better measure of heterogeneity

Plenty of these measures have issues [75, 76, 77, 78] as they do not verify core principles that
an heterogeneity evaluation function should verify. Those principles, also called key properties
or axioms. We reformulate them from [79] more generally. Let’s consider a system containing
a set of different elements forming a set and endowed with an abundance distribution p that
measures the proportion of each element of the set in the system. Note that an element in the
set can have zero abundance is consequently not visible within the system. The axioms are
formulated as such:
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1. Symmetry. The heterogeneity function is symmetric in its arguments.

2. Expandability (Zero Output Independence). Adding another element in the set that has
zero abundance does not change the heterogeneity of the system.

3. Output Transfers Principle. Transferring a unit abundance abundance from a common
element to a rarer element should not decrease heterogeneity.

4. Homogeneity. The heterogeneity depends only on species’ relative frequencies and not on
their absolute abundances.

5. Replication Principle. Suppose K systems have identical abundance p, but no elements are
shared between any of the systems. All N systems necessarily have the same heterogeneity.
Suppose we pool all K systems. If the heterogeneity measure D obeys the replication
principle, then the diversity of the K pooled equally diverse, equally large, completely
distinct communities must be KD(p).

6. Normalization. If the heterogeneity measure is applied to N equally common elements, its
value is N .

Verifying them, thus provide a criterion to discriminate whether a measure is acceptable or
not. From the examples listed above, the Hill numbers [25] verify this set of properties [24, 79].
There exist other measures that verify all of these axioms [80], but the Hill numbers, from our
observation, have the greatest support [24] to be the reference to quantify heterogeneity. We
stipulate this measure is incomplete because it only takes into account the distribution so-called
the abundance measure and not the pairwise dissimilarity between the elements. Indeed, take
two boxes, one with one red shoe and one blue shoe, and the other with one red shoe and one
ice cream. Intuitively, we would like to say that the second box is more heterogeneous than the
first (unless if the colour is the only discriminating factor we care about and the ice cream is
fully red). None of the Hill numbers would enable to discriminate the heterogeneity of these two
systems as they do not take into account the differences between elements [79]. This is not to
say, as soon as we have a grasp on the dissimilarity between the elements within the system, it
should be taken into account in the measure. As such, we support the claim of Tom Leinster
and Christina Cobbold [81] and use the formalism developed by Tom Leinster and co-authors
[82, 83, 84] to define heterogeneity.

A.3 Heterogeneity measure

This appendix subpart is largely inspired form Tom Leinster’s book [82]. We give here the
intuition and definition of heterogeneity and adapt it to our context.

A.3.1 Heterogeneous system

First of all, we need to define the system on which we want to measure heterogeneity. The
different systems stemming from the literature are finite sets with elements and an abundance
measure that count the number of elements within the system. Dividing the abundance measure
by the total number of elements within the set and we get a probability distribution. So if we are
not taking into account in-between elements differences, the system is formally a finite probability
space (S, p) where p is the probability distribution. To model the in-between differences, or
conversely, if we have some sense of similarities between elements we can define a square matrix
Z that encodes for each (i, j)-entry the similarity between the i−th and j−th element. The
formalism of a system becomes a finite probability space (S, p, Z) endowed with a squared
similarity matrix.
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Example 1.1. Let consider a set S = {x1, x2, x3}, and a pairwise distance between elements
d. (S, d) can be viewed as a metric space or as a graph with vertices x1, x2, x3 and undirected
edges having values d(x1, x2), d(x1, x3) and d(x2, x3). From the distance d we can construct a
3× 3 similarity matrix Z ∈ [0, 1]3×3 as such

∀i, j ∈ {1, 2, 3} Zij = e−d(xi,xj) ∈ [0, 1].

We denote p = (p1, p2, p3) the probability distribution over S. The heterogenous system is then
defined as the triplet (S, p, Z) or, as the triplet (S, p, d). Both definitions are equivalent if we
set a canonical rule to define a similarity matrix from a distance. Choosing Z or d provides
different lenses we can use to look at the system.

A.3.2 System’s heterogeneity

Building on Hill’s numbers [25] we define the heterogeneity measure of a finite (heteroge-
neous) system. The following definition corresponds to the diversity measure introduced in
[82].

Definition 1.2 (System’s heterogeneity measure). Let S = {x1, . . . , xn} be a finite system with
similarity matrix Z ∈ Rn×n

+ and a probability distribution p = (p1, . . . , pn)
T ∈ (R∗

+)
n. For any

q ∈ [0,∞], we define the q−th heterogeneity measure of S as,

Hq(S) :=

(
n∑

i=1

pi(Zp)q−1
i

)1/(1−q)

.

Proposition 1.3. Let us fix a system S with notations as in the previous definition. For any
q ∈ [0,∞], the q−th heterogeneity number of S is well defined and we have,

H1(S) =
n∏

i=1

(Zp)−pi
i , H∞(S) =

1

max1≤i≤n(Zp)i

Proof. For q ̸= 1 the associated heterogeneity number is well defined and the function of q is
smooth on R+ \ {1}.

1. There exist equals left and right finite limits at point 1. To show it, we perform a limited
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expansion around 1.

Hq(S) =

(
n∑

i=1

pi(Zp)q−1
i

)1/(1−q)

=

(
n∑

i=1

pie
(q−1) log(Zp)i

)1/(1−q)

=

(
n∑

i=1

pi(1 + (q − 1) log(Zp)i + o(q − 1))

)1/(1−q)

=

(
n∑

i=1

pi + (q − 1)

n∑
i=1

pi log(Zp)i + o(q − 1)

)1/(1−q)

= exp

(
log (1 + (q − 1)

∑n
i=1 pi log(Zp)i + o(q − 1))

1− q

)
= exp

(
(q − 1)

∑n
i=1 pi log(Zp)i + o(q − 1)

1− q

)
= exp

(
−

n∑
i=1

pi log(Zp)i + o(1)

)

=

n∏
i=1

(Zp)−pi
i + o(1)

2. When q tends to ∞ we have also a finite limit. To prove this claim we introduce some
notations. m = max1≤i≤n(Zp)i, I = {1 ≤ i ≤ n|(Zp)i = m}, Ic = {1, . . . , n} \ I,
p̃i = pi/

∑
j∈I pj and x = 1/(q − 1) ∈ R∗

+ that tends to 0+ when q tends to infinity. We
use the variable x in the heterogeneity expression,

Hq(S) =

(
n∑

i=1

pi(Zp)q−1
i

)1/(1−q)

=

(∑
i∈I

pi(Zp)
1/x
i +

∑
i∈Ic

pi(Zp)
1/x
i

)−x

.

We factorize by the first term within the parenthesis
∑

i∈I pi(Zp)
1/x
i = M1/x

∑
i∈I pi,

Hq(S) = M−1

(∑
i∈I

pi

)−x(
1 +

∑
i∈Ic

p̃i

(
(Zp)i
M

)1/x
)−x

.

If Ic = ∅, since p is a probability distribution
∑

i∈I pi = 1 and for any q ≥ 0, Hq(S) = M−1.

Otherwise, for all i ∈ Ic, 0 < (Zp)i/M < 1 and since 1/x → +∞, ((Zp)i/M)−x →

0. Consequently, 1 +
∑

i∈Ic p̃i

(
(Zp)i
M

)1/x
tends to 1 as x tends to 0+. Besides, for any

strictly positive real number a, x ∈ R∗
+ 7→ a−x is continuous and tends to one as x

tends to 0. So first of all,
(∑

i∈I pi
)−x → 0 and by composition of continuous functions,(

1 +
∑

i∈Ic p̃i

(
(Zp)i
M

)1/x)−x

→ 1 and we obtain limq→∞Hq(S) = M−1. Therefore, we can

define for any system S a continuous function on [0,∞] endowed with the usual (extended
real line) topology.

The system’s heterogeneity measure extends the family of Hill numbers on the system. In-
deed, replace Z by the identity matrix I and the q-th heterogeneity measure equals the q-th
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Hill number. Consequently, this measure verifies the set of axioms listed above. The parameter
q acts as a sensitivity modulator toward rare elements or dominant element. When q is small
(approaching 0), the measure gives relatively greater weight to rare elements. For example, when
Z = I the measure approaches the richness of the system which is simply the number of different
elements (the cardinal of the set). As q increases, the measure increasingly emphasizes common
species and reduces the influence of rare ones, making the index more sensitive to dominance.
In the limit q = ∞ the heterogeneity measures the inverse frequency of the most dominant
element in the system. Another interesting result is that, at q = 1, the index corresponds to the
exponential of Shannon entropy, weighting species proportionally to their frequencies.
Remark 1.4. In this study we have been using the 2−th system’s heterogeneity measure exten-
sively, which has the following simplified expression:

H2(Z, p) =
1

pTZp
.

It resembles to the square inverse of a Mahalanobis norm of p, if the similarity matrix was
positive-semi definite, which it does not have to be. In the particular case, where p is the
uniform distribution, it becomes:

n

1 + 2
n

∑
1≤i<j≤n Zij

We give a short proof of the remark.

Proof. For the simplified expression, in the case of q = 2, it suffices to note that
∑

1≤i≤n pi(Zp)i =

pTZp. When p is the uniform distribution we then have,

H2(Z, p) =
n2

1TZ1
=

n2∑
ij Zij

,

and since Zii = 1 for all coefficients on the diagonal and it is symmetric,

H2(Z, p) =
n2

n+ 2
∑

1≤i<j≤n Zij
=

n

1 + 2
n

∑
1≤i<j≤n Zij

.

We have defined system’s heterogeneity, in the next subsection we extend it toward a more
general framework , in which we forget about the system to focus on the mathematical objects
so to as to define the heterogeneity measure.

A.3.3 Heterogeneity measure

We have previously seen the heterogeneity as a measure on a system. Mathematically it only
depends on two objects: the probability distribution p and the similarity matrix Z. It suggests
we can forget about the elements within the systems (their true nature), and only consider what
is of interest when accounting for heterogeneity, correspondingly, the relatives proportions p and
the dissimilarity (or conversely the similarity) between the elements. Hence, we can define the
heterogeneity as a function over the class of finite probability distributions times the family of
the similarity matrices.

Definition 1.5 (Heterogeneity measure on finite systems). Let Zn denotes the class of similarity
matrices of rank n, and Pn the family of probability distribution on a set of size n. We define
the q−th heterogeneity measure function as follow:[ Hq :

⋃
n∈N Zn × Pn → R+

(Z, p) 7→
(∑n

i=1 pi(Zp)q−1
i

)1/(1−q)

]
.

47



The Principle of Maximum Heterogeneity Optimises Productivity in Distributed Production Systems

By forgetting about the nature of the elements, we obtain a general measure that can enable
us to compare the heterogeneity between systems. It is not only defined for a particular system
but for all systems defined with a similarity matrix and and a distribution. This framework
is a suitable for understanding the effect of heterogeneity on production, and conversely how a
demand can shape the heterogeneity of a system. The key takeaway here is that the prism from
which we look at heterogeneity is the one of similarity and distribution only.

A.3.4 Measuring heterogeneity in our precise case

As the agents are organised in a network, there are all uniquely identified, therefore we will
always use the uniform distribution. We now construct the similarity matrix. The pairwise
similarity between agents is key. The similarity here correspond to a measure of the amount of
skills shared by two agents. Because there are represented as wrapped Gaussian densities over
the torus, we can use their mean and standard deviation to encode the amount of shared skills.
We first define a pairwise circular distance d̃µij (which corresponds to the usual distance on the
torus):

d̃µij = min (|µi − µj |, 2π − |µi − µj |) .
Second, we use the standard deviations on the two agents to define a Fisher-type distance
between two agents skills densities:

dij =
d̃µij√

σ2
i + σ2

j

.

The similarity kernel is then,
Kij = exp(−dij)

We add a penalty on N in the denominator for two reasons. One to compare systems of different
sizes in a similar fashion. Hence we need more of an intensive metric. It has no effect on the
heterogeneity dynamic, it is a choice design because want to scale observe the heterogeneity
in a more practical way. It has a rescaling effect. Finally the heterogeneity measure on our
productions systems are:

H(µ, σ) = N

1 +
2

N

 ∑
1≤i<j≤N

exp

− d̃µij√
σ2
i + σ2

j

+
N(N + 1)

2

 .

Next we verify that our the heterogeneity does not scale with N by adding more of the same
agents.

A.3.5 Scaling behaviour of the heterogeneity metric

A key part of our study was to understand the scaling property of heterogeneity with respect
to the number of producing agents organised in an interacting system solving together a task.
To do so, the heterogeneity should have nice properties. The penalty added on N enables us to
have more of an intensive metric that is less influenced by the number of agents in the system.
A property that we should have is that adding the same agents that is on average the most
similar should decrease the heterogeneity. We verify this property in the limit case when the
system is composed of agents with the same skills distribution. In this case the heterogeneity
with respect to N equals:

H2(N) =
1

3 + 1/N
,

which is a decreasing function of N .

48



The Principle of Maximum Heterogeneity Optimises Productivity in Distributed Production Systems

B Supplementary details on model definition

B.1 Global optimiser

Notably our model relies on a global optimiser which is in contrast to many models of dis-
tributed systems which have a tendency to model the overall system dynamic (at least partially)
as a function of the direct pairwise competition of actors [2, 6]. Our choice for a global optimiser
has both a practical mathematical and systems dynamics reason.

On the practical mathematical side, using a global optimiser makes it feasible for us
to include complex workload and interaction formulations while still keeping a model system
which has a clearly converging overall gradient that makes the model a tractable system to
study as it is robust to trivial changes of parameters or initial conditions. So while the model
overall is not fully analytically solvable, the convergence characteristics under global optimisation
allows for the model to be analysed nearly as if it as analytically tractable. Adding complex
pairwise competition interactions as a function of individual strategies across complex network
configurations would push the model far away from stable convergence characteristics.

The more interesting reason can be found in the specific systems dynamics we are inter-
ested in. Note that the question we care about is what principles best describe the trajectory
of the overall systems level setup of distributed production systems, to see whether these gener-
alise across disciplines. As such, we do not need to make any statements about which individual
agent will be the overall most productive one given a starting position or its strategy. Our
model does not claim that the exact local competition does not matter for the system or is not
an interesting topic of study, it does however assume that all the complex pairwise collaborative
and competitive interactions ultimately accumulate to an overall systems level dynamics which
looks like, and can be described as, a global optimisation process. An example for how local
interactions can jointly act like a global optimisation process can for example be observed in the
context of learning in the brain [85] or the discussion of resource allocation and market efficiency
in economics [86].

B.2 Arguments against a absolutely homogeneous Dirac Delta function work-
load

In section 5.1 we mentioned the model assumption that workloads are not following a Dirac
Delta function and argued that this was a realistic assumption for the work faced by any large
distributed system, not because they do not exist at all, but because they are extremely rare.
Here we analyse what a Dirac Delta workload would mean and why it would not be relevant for
large distributed systems.

B.2.1 A Physics Perspective on Dirac Delta workloads and larger dimensional
workload characteristics

A Dirac Delta workload would imply that a single irreducible function (that could not be
further decomposed) needed to be performed with a fixed (never varying) rate of executions per
unit time. As mentioned in the main text, such tasks do exist and an example can be found
in a clock oscillator in CPUs or quartz crystals as they perform a single irreducible operation,
toggling a bit, at a fixed frequency. However, they are extremely rare, especially for the conjoined
case where both criteria are true. To make this clear, we explain both criteria in more detail.

To start with irreducibility, this is necessary because if a workload was still reducible or
decomposable into subcomponents, then it would not be single-valued in our description of
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workloads, as it would instead cover the width of all its subcomponents in the space that work-
loads are defined in. This is the case because now the workload would be made of multiple
sub-skills. There may be an agent that perfectly matches the distribution of that decomposable
workload which might make it seem to not require decomposing, but once solved with a large
distributed system, the standard system-level heterogeneity of section 4 would follow in order
to find the optimal solution across agents.

The above effect gets amplified through the fixed rate criteria which has a very related effect.
For the sake of argument, we may assume that non decomposable were common or that there
existed a group of workload for which decomposing was not possible. To have this workload
then appear as a Dirac Delta workload, its rate of execution would also need to be constant.
Our current description of the spectrum of tasks does not currently take time into account but
one could do so by describing all workloads in 2D space, where one axis is the task characteristic
and another is the speed of execution. We know both from basic material science [87] but also
system level design such as compute systems [88], that unique execution speeds demand their
own unique physical function realisation. As such, the varying execution speed is just another
’task characteristic’ that needs to be realised through the system’s level heterogeneity, and so
again the standard system-level heterogeneity of section 4 would follow, just now with respect
to execution speed of the underlying material. We represented workloads and agents’ skill to
be represented on one dimension but factors like execution speed simple represent additional
dimensions in which The Principle of Maximum Heterogeneity would apply. Additional physical
factors such as stochasticity of execution would likely similarly expand the task space.

B.2.2 Additional workload dimensions from the perspective of computer architec-
ture

In the physic perspective we have already seen how even if a workload was single-valued in
one dimension, the cases in which this would continue across all task dimension that are to be
considered to find an optimal systems level design are incredibly rare. This is true even on a
very low level of analysis of Physics. Naturally this effect compounds into very large dimensional
space of workloads for systems in a more complex design space. We can consider computing
systems as a well-understood example. Workload descriptions for computing systems would
include the description of the actual function to be executed and also the execution frequency,
as discussed above, but would include various additional factors. An example for computing
systems would be factors relating to memory: functions executed may be of the same basic type
but process different volumes of input variables which in turn require different memory access
patterns that the systems architecture needs to be optimised for through memory bandwidth
optimisation [88], which in turn means that any variance over volume of input would invoke
The Principle of Maximum Heterogeneity . To show that this considering spans into many more
dimension would could also refer to irregular and sparse memory access pattern [89, 90]. That
this is not just limited to the computer architecture but also the algorithm layer can be seen
in the effects of network dimension on processing ability [21] and the benefit of delay-based
architectures for temporal processing [46, 17].

B.2.3 Cognitive consideration for the dimensionality of workloads

The prior two sections made clear that even for cases where the systems-level heterogeneity
predicted by The Principle of Maximum Heterogeneity still follows in cases where the workload
itself may look relatively narrow, due additional workload modulation factors that expand the
effective dimensionality of workloads. We should however highlight, that this level of nuance is
not relevant for most real-world processes that most cases of science, computing, and engineering
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are concerned with. As example studies replicated in section 3 highlight, most large scale
distributed systems are faced with complex trade relationships, exploration and exploitation of
ecological niches, or producing the complex behaviour of mammals navigating the wild. While
for these complex that deal with the physical world it may be less tractable to fully describe the
’skill space’ that they live in, this solely because of their intrinsic complexity which directly imply
heterogeneity. This complexity of operations can be observed both in analyses of task solving
in cognitive science and neuroscience [91, 92, 39, 93] and in analyses of production processes in
economics [20].

B.3 Mapping between layers of the model

The model formalises the relationship between the resource space, the skill space, and the
operations space as identity mappings,

Tres
id−−→ Tskills

id−−→ Tops,

so that a position θ ∈ T in one layer corresponds directly to the same position in the adjacent
layer. This implies that skills in one layer translate one-to-one into resources or operations at the
layer below, which is unlikely to hold in any realistic system: the cognitive operations produced
by a neural network, for instance, do not map positionally onto the transistor-level operations
executing them.

The key observation is that the Maximum Heterogeneity Principle does not depend on this
positional identity, but only on the ordering structure of the skill space. To see this, let ϕ : T → T
denote the true mapping from skills in one layer to resources in the next, and let Ω ⊆ T be
the region of skill space over which the system’s heterogeneity is concentrated, i.e. the support
of the inter-agent variance. The heterogeneity measure Hq (Definition 1.2) depends on agent
positions only through the pairwise similarity matrix Z, with Zij = e−d(µi,µj), so what matters is
whether ϕ preserves the ordering of inter-agent distances on Ω. Any strictly monotone mapping
on Ω does exactly this: it relabels the skill axis without collapsing the distinctions between
agents, leaving Hq invariant up to that relabelling. This means that a wide class of inter-layer
mappings, including inverted or non-linearly rescaled ones, leave the heterogeneity ordering of
agent configurations intact, and the conclusion that the optimal configuration is the maximally
heterogeneous one carries through unchanged.

This reasoning also tolerates partial bottlenecks. If ϕ collapses some region T \ Ω to a
point, but remains order-preserving on Ω where the inter-agent variance lies, the effect on Hq

is negligible by construction. What would invalidate the argument is a mapping that collapses
Ω itself, a complete bottleneck on the region carrying the system’s heterogeneity. Short of that,
the heterogeneity scaling conclusion is robust to the specifics of how layers relate to one another.

B.4 Why universal function approximators still have non-uniform approxi-
mation skills

A natural objection to modelling neural networks as agents with Gaussian skill densities over
a bounded space is that neural networks are universal function approximators: given sufficient
capacity, they can approximate any function arbitrarily well. This might seem to imply flat
coverage of the skill space, contradicting the model’s premise. The same objection could in
principle be raised for any system that carries universal function approximation properties, such
as kernel methods or certain classes of symbolic systems.

The objection conflates existence with cost. Universal approximation is an existence result:
for any target function and any ε > 0, a sufficiently expressive system can approximate it to
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within ε. It makes no claim about how much capacity, compute, or data that approximation
requires, and crucially, those costs are not uniform across function classes. For any fixed archi-
tecture or system design and parameter budget, approximation error varies substantially across
targets: some functions are approximated cheaply, others only at disproportionate cost. We
would expect this to be a general property of any universal function approximator, since the
existence guarantee says nothing about the geometry of the approximation cost landscape, and
there is no reason to expect that landscape to be flat. This is precisely what a skill density
captures. The mean µi encodes where in function space a given system is most efficient; the
standard deviation σi encodes how rapidly that efficiency degrades away from that optimum.
Universal approximation guarantees the tails of the density are never exactly zero, but does not
prevent them from being negligibly small under realistic resource constraints. In our model, this
is directly captured by the choice of wrapped Gaussian skill densities, which are strictly positive
everywhere on T : every agent assigns non-zero density to every point in skill space, meaning any
agent can in principle approximate any skill, however distant from its specialisation. Universal
approximation is thus preserved in the model, but the Gaussian shape ensures that the cost of
doing so grows with distance from µi, recovering the non-uniformity that the existence guarantee
alone does not preclude.

In the case of neural networks, two empirical signatures confirm this non-uniformity directly.
Depth and width do not improve approximation uniformly: compositional and hierarchical func-
tions benefit strongly from depth in ways that width cannot easily replicate [21], revealing an
architecture-dependent bias over function space. Similarly, networks with temporal processing
capabilities approximate functions over sequential inputs far more efficiently than standard ar-
chitectures [46, 17], again demonstrating that the effective skill profile is shaped by architectural
choices. While analogous systematic evidence is less comprehensively documented for other
universal approximators, the structural argument applies equally: any system operating under
finite resource constraints will approximate some function classes more efficiently than others,
and the existence guarantee of universal approximation does not remove that constraint.

The Gaussian parametrisation is therefore not a simplification in tension with universal
approximation, but a model of the non-uniformity that universal approximation leaves unad-
dressed. Because approximation cost is heterogeneous across function classes, a system of agents
collectively covering a broad workload faces exactly the trade-off the model describes: special-
isation is efficient but brittle, and heterogeneous coverage is the robust solution. This holds
for neural networks specifically, and we expect it to hold for any class of universal function
approximators operating under realistic constraints.

C Parameters used for simulations

C.1 Workloads used for testing of principles

For analyses in section 4 we need to account for various different workload shapes. Figure 27
shows an overview of the 16 different classes of workload shapes that we use.
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Figure 27: Overview of workloads used for extracting the principles behind the model.

C.1.1 Metrics to characterise workload during analyses of principles

• max_spread: The maximum range of the workload distribution — the distance between
the two most extreme operations. Identified in the manuscript as the most predictive
feature of asymptotic heterogeneity.

• H_low: Likely the heterogeneity value of the system at low agent count (e.g. a baseline
or initial heterogeneity), capturing how spread out the workload is before scaling.

• circular_variance: A measure of spread of the workload when treated as a circu-
lar/periodic distribution — low values indicate concentration around a direction, high
values indicate uniformity.

• n_peaks: The number of distinct peaks (modes) in the workload distribution, reflecting
how many clusters of operations the workload contains.

• mean_sigma: The mean width (standard deviation) of the individual Gaussian compo-
nents making up the workload, capturing the average “broadness” of each peak.

• fourier_energy_1: The energy (squared magnitude) of the first Fourier component of
the workload, reflecting the contribution of the lowest-frequency (global) variation.

• entropy: Shannon entropy of the workload distribution, measuring how uniformly spread
operations are across the task space — higher entropy implies a more diverse workload.

• fourier_concentration: A measure of how concentrated the Fourier spectrum is, cap-
turing whether the workload’s variation is dominated by a few frequencies or spread across
many.

• std_sigma: The standard deviation of the widths of individual Gaussian components,
capturing variability in the broadness across peaks.

• renyi_2: The Rényi entropy of order 2 (collision entropy) of the workload distribution,
a generalisation of Shannon entropy that is more sensitive to dominant peaks.

• peak_height: The height (maximum density) of the tallest peak in the workload distri-
bution, reflecting how concentrated the most dominant operation is.
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• fourier_energy_3: The energy of the third Fourier component, capturing the contribu-
tion of intermediate-frequency structure in the workload shape.

• fourier_energy_2: The energy of the second Fourier component, capturing variation at
a slightly higher frequency than the fundamental.

• flatness: A measure of how flat or uniform the workload distribution is — related to kurto-
sis or the ratio of spectral energy, with high flatness indicating a near-uniform distribution
of operations.

C.2 General overview of experiment parameters

We will share detailed parameters on running all experiments and simulations with an up-
dated version of the manuscript.

D Supplementary analyses

We will share additional details on analyses in an updated version of this manuscript.
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